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Abstract
In the recent years, substantial research on power energy systems is focused on distribu-
tion systems for many reasons. Originally, distribution systems were designed to transport
energy in only one direction, i.e., from the primary substation to the points of consump-
tion. However, the upcoming increase in distributed generation causes multi-directional
power flows bringing buses voltages and branch currents close to regulatory limits. To
tackle these, huge modifications in current control paradigms are expected. In this con-
text, state estimators for electric power distribution systems will play an important role,
once that they allow filtering errors of the measurements process to provide the best possi-
ble estimate of the system’s operation point. The direct application of the state estimation
methodologies in distribution systems faces challenges posed by the lack of monitoring, un-
balanced loads, and parameters asymmetry. Studies about state estimation in distribution
systems have been presented in the literature. However, their practical implementation
depends on a series of improvements, as well as infrastructure enhancements.
The main objective of this thesis is the proposal of an improved three-phase state es-
timation method, which is based on the adoption of complex branch currents as state
variables. The proposed method is computationally efficient, accurate and robust. It is
not only modeled for three-phase systems but also considers general topologies (radial
and meshed), the load unbalances, and parameters asymmetry. The various types of
measurements available in modern distribution systems are treated, as well as pseudo-
measurements and virtual measurements. This thesis addresses the importance of angle
reference setting in three-phase state estimators, proposing an efficient methodology with
the proper treatment of system’s measurements, considering the asymmetry and loads
unbalance. It is also presented an alternative solution method for the proposed approach
based on the substitution of variables concept, improving the treatment of null injections,
and the blocked formulation, allowing the use of voltage measurements with minimal
losses in the coefficient matrices sparsity. In addition, this thesis presents an application
of state estimators in modern distribution systems with distributed generators and smart
meters and/or phasor measurement, considering the lack of measurements in some parts
of the systems.
Key words: State estimation; distribution systems; voltage measurements treatment;
angular reference.
Resumo
As redes de distribuição de energia têm sido o foco de grande parte dos estudos recentes
na área de energia elétrica. Originalmente, as redes de distribuição foram projetadas para
transmitir energia em uma única direção, das subestações até os pontos de consumo. Com
o aumento da geração distribuída os fluxos de potência se tornam multidirecionais, dificul-
tando a manutenção dos limites operativos de tensões e fluxos de corrente. Para contornar
tal situação serão necessários investimentos nas infraestruturas de monitoramento e auto-
mação, permitindo uma maior visibilidade e controlabilidade das redes. Neste contexto, os
estimadores de estado para sistemas de distribuição terão um papel fundamental pois per-
mitem filtrar os erros inerentes ao processo de medição fornecendo o estado mais provável
de operação da rede. Porém, a aplicação direta de estimadores de estado em sistemas de
distribuição é limitada pela baixa quantidade de medições, pelo desequilíbrio das cargas,
pelos parâmetros assimétricos das linhas, entre outros fatores. Atualmente, alguns estudos
sobre metodologias para estimação de estado em redes de distribuição são encontrados
na literatura. Entretanto, a implementação prática de tais metodologias depende de uma
série de melhorias, tanto nas abordagens existentes quanto na infraestrutura de medição.
O principal objetivo deste trabalho é propor um método de estimação de estado em redes
trifásicas de distribuição baseado na escolha das correntes nos ramos como variáveis de
estado. O método proposto apresenta eficiência computacional, robustez e resultados pre-
cisos. O modelo trifásico dos componentes da rede é utilizado, assim como o desbalanço
de cargas e a assimetria dos parâmetros da rede são considerados. Nesta proposta é reali-
zado o tratamento apropriado dos diversos tipos de medição, assim como o tratamento de
pseudo-medidas e medidas virtuais. Esta tese aborda ainda a importância da especifica-
ção da referência angular em estimadores de estado trifásicos, propondo uma metodologia
eficiente que corrige problemas de convergência e permite o tratamento adequado dos
desbalanços da cargas e das assimetrias da rede. Também é apresentado um método de
solução do estimador proposto baseado em substituição de variáveis para tratamento de
injeções nulas e formulação por blocos para preservação da esparsidade da matriz de co-
eficientes. Além disso, o trabalho apresenta um exemplo de aplicação do estimador de
estado nos sistemas modernos de distribuição de energia com geradores distribuídos. O
monitoramento é baseado em medidores inteligentes e/ou medições fasoriais, considerando
uma redundância das medidas característica de sistemas de distribuição de energia.
Keywords: Estimação de estado; sistemas de distribuição; tratamento de medidas de
tensão; referência angular.
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Chapter 1
Introduction
Nowadays, the energy industry has experienced transformations towards the so-
called Smart Grids. This concept has been deeply discussed as it demands the integration
of technologies for providing efficient grid control. These networks must be able to bring
together several research fields to improve the operation and control of power systems.
Among these initiatives, the increase of renewable energy use throughout the distributed
generation in the medium-voltage (MV) and low-voltage (LV) level will directly affect
distribution systems increasing the automation.
Distribution systems were originally designed to transport the energy from the
high-voltage (HV) level to the consumers in a philosophy of fit-and-forget, where the lines
were designed to support an increase in the demand in a horizon of many years. With
the increase of distributed generation, the thermal capacity of the lines can be reached
and the statutory limits may be violated. These aspects raise the need for automation
and control at the MV and LV levels. As a matter of fact, evolving power distribution
grids into a Smart Grid requires the knowledge of the system’s state variables, such as bus
voltages and angles, so that reliability, efficiency and security, as well as environmental
and energy sustainability are promoted.
In this context, the state estimator (SE) for electric power distribution systems
(DS) plays an important role in modern Distribution Management Systems (DMS), which
encompasses functions such as optimal feeder reconfiguration, capacitor switching and
demand response. The majority of these functions relies on constant observation of the
operation point of the system (complex bus voltages, branch power flows, branch losses,
among others) in a real-time basis. There has been an increasingly interest in the appli-
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cation of state estimation methodologies in distribution systems to broad the visibility of
the MV and LV systems so that proper control actions can be taken when needed.
In transmission systems, typically modeled by single-phase models and contain-
ing sufficient measurements, SEs are able to filter errors inherent to measurement process
in order to provide the most likely operating state of the system (GOMEZ-EXPOSITO et
al., 2011; MONTICELLI, 1999). In distribution systems, particular aspects such as scal-
ability, high r/x ratio, and very limited number of measurement devices, pose significant
challenges for SEs application. In addition, two very important aspects that differenti-
ate distribution from transmission systems are the unbalanced nature of the loads and
the asymmetry of the system parameters, requiring the use of three-phase models for a
more precise representation of distribution systems(KERSTING, 2002). As such, state
estimators specifically designed for distribution systems are of great interest.
The main idea of using the SE in DS is illustrated in Figure 1. The SE receives
the information concerning the system parameters and monitoring, as well as the load
demand from historical data, and processes this information in order to obtain the most
likely state of the system. This state and other estimated quantities may be used by the
network management functions. Different from the transmission systems, it is less likely
to obtain the full observability of the system through the actual measurements. Therefore,
an observability analysis, and pseudo measurement allocation must be made to run the
SE algorithms.
System 
topology & 
parameters
System 
Monitors Data
Historical data 
information
Pseudo 
Measurement 
allocation
Observability 
analysis
State 
Estimation
Network 
management 
functions
Figure 1 – The general idea for SE in Distribution Management Systems.
Using the SE in distribution systems gained attention in the late 1990s when
new methodologies were proposed (LU et al., 1995; BARAN; KELLEY, 1995). Nowa-
days, with the awaited smart grid improvements, distribution system SE will be the
basis for many applications (ZAVODA, 2010; GOMEZ-EXPOSITO et al., 2011; XIANG;
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COBBEN, 2015; TREVIZAN et al., 2015). A great advance has emerged in Automated
Meter Reading (AMR), Automated Metering Infrastructure (AMI), and more recently,
the micro-synchrophasor measurements (𝜇PMU) (MEIER et al., 2014; WEN et al., 2015;
CHEN et al., 2015; ARGHANDEH et al., 2015). These advances may remedy the lack of
real (and accurate) measurement for SE in distribution systems. However, to have full sys-
tem observability, pseudo-measurements are still necessary (FANTIN et al., 2014; DOBBE
et al., 2016). Even if the system is planned to be completely observable, temporary loss of
measurements can make the system unobservable. Research efforts have already been ap-
plied to enhance load models and measurement fitting (WANG; SCHULZ, 2001; SINGH
et al., 2010; GRIGORAŞ et al., 2012). In addition, the choice of the monitoring system is
also of great importance to assure the accuracy of the estimated quantities (PAU et al.,
2015b).
Dedicated methodologies of state estimation in distribution network have been
presented in the literature (XIANG et al., 2014; MUSCAS et al., 2014b; MUSCAS et
al., 2015; DŽAFIĆ et al., 2017). Some approaches use the traditional modeling adopting
the magnitude of the voltages and angles as state variables. The traditional approach is
adequate to be applied in distribution systems as it is statistically consistent (NUSRAT
et al., 2014). However, the resulting Jacobian matrix is a function of the state variables
and, therefore, must be updated each iteration. Moreover, the well-known fast decoupled
versions derived from the traditional approach are unfeasible due to the high r/x ratios
of the distribution systems.
Although there are many proposals for using SE in DS, two Weighted Least
Squares (WLS) formulations have gained attention. They are based on the choice of
nodal complex voltages and branch complex currents as state variables. Using equivalent
current measurements the resulting Jacobian matrices become constant. One of the main
advantages of these approaches is that, unlike the traditional SE, they do not require
costly evaluations of trigonometric functions within the iterative process, and as the Ja-
cobian matrices are constant, the process is computationally more efficient. However, some
drawbacks are found regarding the treatment of voltage magnitude measurements which
causes the SE to diverge in some situations. Another issue is the setting of the angular
reference for SEs, which has not been clarified in the literature. In order to use these
approaches in SE for distribution systems, an extensive analysis of the main advantages
and disadvantages was caried out in this work showing the need for some enhancements
to solve these issues.
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1.1 Thesis objectives
The main objective of this thesis is to propose an improved three-phase state
estimation method based on the adoption of branch currents as state variables. In ad-
dition, this thesis aims at studying the aspects related to the application of the state
estimator in the scenario of the modern distribution systems with increasing penetration
of distributed generators (DGs) and with monitoring from smart meters (SMs) and/or
𝜇PMUs. Therefore, the proposed state estimator must:
∙ Be computationally efficient, accurate and robust, enabling the management and
control of distribution systems;
∙ Be modeled for three-phase systems of general topologies (radial and meshed) to
consider the unbalances in loads asymmetry of parameters;
∙ Consider the various types of measurements available in modern distribution sys-
tems, as well as pseudo-measurements and virtual null injection measurements.
1.2 Thesis contributions
The following are the main contributions of this thesis:
∙ Assess three WLS state estimation methodologies aimed at distribution systems in
order to point out the improvements needed by the current methodologies;
∙ Propose a method which considers a proper angular reference setting to minimise
the residual errors associated with the system natural unbalance and parameters
asymmetry;
∙ Propose a new state estimation formulation for the method proposed in (BARAN;
KELLEY, 1995; LIN et al., 2001), which adopts branch currents as state variables.
The latter presents some convergence issues when considering voltage magnitude
measurements, which are explored and solved in the proposed approach;
∙ A study of the application of the state estimator in a voltage control scheme in a
real MV system.
1.3 Thesis structure
The present thesis is structured as follows.
Chapter 2 presents a review of the main state estimation approaches for distribu-
tion systems based on the Weighted Least Squares solution available in the literature. The
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advantages and drawbacks of each approach are presented. It is highlighted the differences
of the traditional approach to the constant Jacobian approaches. The state estimators are
modeled for distribution systems. The chapter is concluded with a comparison of conver-
gence features, errors of the estimated quantities, and the statistical consistency analysis.
In Chapter 3, the aspects of the angular reference setting in the three-phase
distribution state estimators are discussed. It is proposed a method to set the angular
reference taking into account the unbalances of the distribution systems. The proposed
approach is based on modeling the equivalent of the network upstream the substation
bus. The chapter also discusses the advantages of adopting the proposed scheme for the
accuracy and quality of the estimated state.
In Chapter 4, the original Branch Current Based SE is presented and its draw-
backs are adressed. Important enhancements are proposed in order to obtain a robust
improved formulation. The proposed three-phase state estimation method is then pre-
sented along with its basic equations and solution algorithm.
Chapter 5 analyses the performance of the proposed improved method in the
context of the modern distribution systems. It is presented the modeling of pseudo-
measurements, the catering for delayed information from smart meters and the impacts
relating the application of State Estimation in the voltages control in a Real UK MV
system.
Finally, Chapter 6 presents the conclusions drawn from this research and mentions
ideas for future research to extend the work of this thesis.
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Chapter 2
Weighted Least Squares State
Estimators for distribution systems
This chapter presents an introduction to the main state estimators proposed to
distribution systems. The classical Weighted Least Squares (WLS) solution is adopted and
the challenges for direct application of these methods to distribution systems are discussed.
Additionally, the methods for the assessment of the state estimators are discussed.
Three state estimators are presented, highlighting the adopted state variables,
the solution features and the assumptions made for the measurement plan. These three
state estimators were implemented and assessed in a case study with a typical 34-bus
distribution system which presents asymmetric parameters and unbalanced loads. The
main advantages and drawbacks for each methodology are emphasized at the end of this
chapter.
2.1 Introduction
The SE is well known to be used in Energy Management Systems (EMS) to filter
errors of the measurement process providing the most likely operation point (state) of
the systems (MONTICELLI, 1999; ABUR; GOMEZ-EXPOSITO, 2004). The proposition
of SE in transmission systems was made by Fred Schweppe (SCHWEPPE; ROM, 1970a;
SCHWEPPE; ROM, 1970b). Differently from the conventional power flow tools, the SE
is able to use not only the active and reactive power demand at the system buses, but also
the values of power flowing through the lines, as well as voltage and current magnitudes
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and angles.
Despite the consolidation and maturity reached by SE methodologies in trans-
mission systems, these advances are not shared with the present Distribution Systems
(DS). This is mainly due to the traditional passive nature of the latter which in general
has resulted in a low level of automation, measurements, and communication (MUSCAS
et al., 2015). In fact, the application of SE techniques in distribution systems requires an
extensive adoption of pseudo-measurements in order to not only guarantee the numerical
observability but also cater for the missing real time information from monitored quan-
tities (SHAFIU et al., 2005; BARAN, 2001). These pseudo-measurements are obtained
from load allocation techniques and/or the use of historical data for load demand (PIERI
et al., 2015; FANTIN et al., 2014).
In addition to the low level of redundancy, their typical high r/x ratios invalidate
the use of decoupled state estimators(BARAN, 2001). Due to the unbalanced nature of
loads, as well as the asymmetry of the system parameters, it is required the use of a more
complex three-phase model of the system.
Although the application of SE for distribution systems is not fully consolidated,
the transition towards much more observable and controllable system (as part of the Smart
Grid concept) will certainly provide the conditions for that. For instance, applications such
as optimal feeder reconfiguration, Volt/VAR control, voltage control, losses estimation,
among others would benefit from SE techniques being applied to LV and MV systems
(XIANG; COBBEN, 2015).
In the recent years, a particular attention has been given to state estimation ap-
proaches intended to estimate the state of distribution systems. Among those approaches,
the traditional WLS SE has proven to be beneficial in aspects such as quality of the es-
timates and statistical consistency of the results (SINGH et al., 2009). The performance
of alternative state estimators has been evaluated in past works and considering the ac-
curacy, all these state estimators present similar performance (MUSCAS et al., 2014;
MACII et al., 2014; PAU et al., 2015a). In this context, a relevant discussion regarding
the choice of the state variables for distribution systems state estimators has been pre-
sented in (BÉSANGER et al., 2013). The most common choices for the state variables are
the nodal voltages or branch currents, both in the rectangular and polar form. However,
using the rectangular form for the state variables presents better execution times, due to
the resulting linear measurement model.
In the following, the three main SE commonly applied in the context of DS are
explained, as introduced.
∙ Traditional State Estimator (TSE): This is essentially the classical state estimation
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approach based on the WLS solution which is widely known and applied in trans-
mission systems. The state variables are the bus voltages angles and magnitudes
and the set of measurements considers the active and reactive power measurements
(injection and flow), as well as the bus voltage magnitude measurements (MONTI-
CELLI, 1999; ABUR; GOMEZ-EXPOSITO, 2004).
∙ Admittance Matrix Based State Estimator (AMB-SE): This approach is also based
on the WLS solution, however, the state variables are the real and imaginary parts
of the bus voltages. The measurement set encompasses current measurements in
the rectangular coordinates as well as the complex bus voltages. The conventional
set of measurements in DS is composed of active and reactive power and bus volt-
age magnitudes. Therefore, the available measurements must be converted into the
equivalent current and voltage measurements. The main advantage of this method
is the constant characteristic of the coefficient matrices used by the solution, which
allows the minimization of the computational burden with a single factorization
performed before the iterative process (LU et al., 1995; LIN; TENG, 1996a; LIN;
TENG, 1996b; HAUGHTON; HEYDT, 2013).
∙ Branch Current Based State Estimator (BCB-SE): This approach considers as state
variables the current flowing through the branches of the distribution feeder. The
literature presents many alternative formulations using this concept and there-
fore variations of this method are usually encountered among the present litera-
ture (BARAN; KELLEY, 1995; LIN et al., 2001; TENG, 2002; PAU et al., 2013).
However, in order to produce a constant Jacobian Matrix, the branch currents are
considered in the rectangular coordinates and equivalent currents and voltages mea-
surements are adopted. At each iteration, the branch currents are estimated and the
bus voltages are updated until the convergence is reached. The use of this approach
is very simple in radial systems, requiring the inclusion of equality constraints based
on the Kirchhoff Voltage Law (KVL) when the system present some meshed topol-
ogy (BARAN; KELLEY, 1995).
2.2 Review of the WLS SE
Given a set of measurements, the SE is able to calculate the most likely values for
the vector containing the state variables. This vector is represented by 𝑥 which is related
to the available measurement set 𝑧 through a measurement function, as presented in
Equation 2.1 where ℎ(𝑥) is the vector of equations relating 𝑥 to 𝑧, and 𝜖 is the measurement
error. A common and widely accepted solution for over-determined problems is the WLS
solution. In this case, considering that 𝜀 is normally distributed with zero mean and
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covariance matrix defined by 𝑅𝑧, the WLS solution is obtained solving Equation 2.2
(MONTICELLI, 1999; ABUR; GOMEZ-EXPOSITO, 2004).
𝑧 = ℎ(𝑥) + 𝜀 (2.1)
𝑚𝑖𝑛 𝐽(𝑥) = (𝑧 − ℎ(𝑥))𝑇𝑅−1𝑧 (𝑧 − ℎ(𝑥)) (2.2)
The optimality conditions are applied to 𝐽(𝑥). The first-order optimal condition
is obtained calculating the roots of the Equation 2.3, in which 𝑔(𝑥) is the first-order
derivative of 𝐽(𝑥). Using the Newton-Raphson method, the root of the nonlinear equation
is obtained performing the Taylor expansion of 𝑔(𝑥) as presented in Equation 2.4, where
𝜕𝐽2(𝑥)
𝜕𝑥2 is the Hessian matrix of 𝐽(𝑥).
𝑔(𝑥) = 𝜕𝐽(𝑥)
𝜕𝑥
= 0 (2.3)
𝑔(𝑥+Δ𝑥) ≈ 𝑔(𝑥) + 𝜕𝐽
2(𝑥)
𝜕𝑥2
Δ𝑥 (2.4)
In the Gauss-Newton method, 𝜕𝐽2(𝑥)
𝜕𝑥2 is commonly called Gain matrix, which can
be approximated as in Equation 2.5 (MONTICELLI, 1999). In this equation the matrix
𝐻(𝑥) is the Jacobian matrix of the measurement function ℎ(𝑥). The state estimate ?^? is
then obtained using the Normal Equation (NE) as presented in Equation 2.6.
𝜕𝐽2(𝑥)
𝜕𝑥2
= 𝐻(𝑥)𝑇𝑅−1𝑧 𝐻(𝑥) (2.5)
𝑥𝜈+1 = 𝑥𝜐 + (𝐻(𝑥)𝑇𝑅−1𝑧 𝐻(𝑥))−1𝐻(𝑥𝜈)𝑇𝑅−1𝑧 (𝑧 − ℎ(𝑥𝜈)) (2.6)
Besides the fast convergence of the Newton process, the performance of the normal
equation may be negatively affected by the presence of injection measurements, the use
of high weighting factors or very low impedance branches which may lead to a potential
ill-conditioning of the Gain matrix. In order to overcome these problems, robust numeric
methods are usually adopted (ABUR; GOMEZ-EXPOSITO, 2004).
2.3 Methodology for the assessment of WLS SEs
The SEs presented in this chapter rely on WLS solution and therefore the evalu-
ation of the estimators must consider the following particularities:
Chapter 2. Weighted Least Squares State Estimators for distribution systems 28
∙ The measurement errors are normally distributed;
∙ The mean value of the measurement errors is zero;
∙ The measurement errors are independent.
If the above conditions are satisfied, the WLS solution is consistent (SINGH et
al., 2009). In this context, some general aspects concerning the treatment of the inputted
measurements, as well as the assessment of the results, must be defined. These aspects
are discussed in the following sections.
2.3.1 Assessment of SE convergence assuming true values for measurements
The convergence features of the three SEs are assessed assuming the true values
(with a limited number of decimal places) for the measurements obtained from a power
flow run. In this case, the errors in the estimated quantities are expected to be very
small (tending to zero). The convergence criterion is the maximum absolute value of the
mismatches for the state variables (𝑚𝑎𝑥(|𝑥𝜈+1 − 𝑥𝜈 |)).
2.3.2 Errors in measurements
The SE is a tool used to filter the errors of the measurements process. In simu-
lation environment, the inputted measurement values are usually perturbated before the
SE process. Therefore, a Monte Carlo analysis is performed in order to assess the errors in
the estimated state. For that, the true values of measurements are perturbated according
to a normal distribution and several simulations are conducted for each studied case.
The standard deviation of the measurements is defined according to Equation
2.7, where 𝑧𝑡𝑟𝑢𝑒𝑛 corresponds to the true value of the 𝑛th measurement obtained from a
power flow run and the percentage errors are according to the measurement device. Once
the standard deviation of the measurements is obtained, the standard deviation of the
equivalent measurements is calculated as in (ALMEIDA; OCHOA, 2016).
In order to perform a Monte Carlo analysis, it is assumed that measured values
follow a normal distribution, according to equation 2.8, where 𝐿𝑛 is a normally distributed
random variable with zero mean and unitary variance, i.e., 𝐿𝑛 ∼ 𝑁(0, 1).
𝜎𝑛 =
𝑧𝑡𝑟𝑢𝑒𝑛 × 𝑒𝑟𝑟𝑜𝑟(%)
3× 100 (2.7)
𝑧𝑛 = 𝑧𝑡𝑟𝑢𝑒𝑛 + 𝐿𝑛𝜎𝑛 (2.8)
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2.3.3 Statistical analysis of the WLS SE
Given that the errors in the measurements follow a normal distribution, it is
necessary to check if the estimated state is unbiased and statistically consistent. If the
estimated state is unbiased, the errors of the estimated state are expected to follow a
normal distribution with mean equal to zero. The analysis in this work utilises the nor-
mality check according to the Matlab function normplot. This assessment of the estimated
state is performed when the measurements are perturbated. The plots shown in Figure 2
present examples of biased and unbiased results. For unbiased results, it is expected to
find the zero error value in correspondence to a probability of 0.5, and also the errors are
expected to follow a straight line indicating the path of a normal distribution.
In addition, if a SE is consistent the estimated state errors variances must corre-
spond to the covariance matrix of the estimated state. In other words, It can be said that
the estimated values and variances have to be in agreement with the measurements and
their specified variances. When the results from the SE are evaluated it is expected that
the smaller are the estimated variances, the closer the estimates are to their true values
(ALMEIDA; OCHOA, 2016).
The 𝜒2-test is performed to find the consistency index defined as the quantity
expressed in Equation 2.9 for a Monte Carlo simulations in which the scenarios of errors of
the measurements are according to a normal distribution (SINGH et al., 2009; ALMEIDA
et al., 2015; ANDERSON, 1958). For instance, assuming a confidence level of 𝛼 = 95%,
the test gives that consistency index 𝜖 must be within the bounds indicated in Equation
2.10.
𝜖 = (𝑥𝑡𝑟𝑢𝑒 − ?^?)𝑇𝑅−1?^? (𝑥𝑡𝑟𝑢𝑒 − ?^?) (2.9)
𝜒2𝑛
(︂1− 𝛼
2
)︂
< 𝜖 < 𝜒2𝑛
(︂1 + 𝛼
2
)︂
(2.10)
In order to assess this feature, a consistency plot as shown in Figure 3 is ob-
tained for each Monte Carlos study. The figure shows an example of not consistent and
consistent results for a case with 500 Monte Carlo simulations. It can be observed that if
the consistency index values are within the limits for around 95% of the simulations, the
results are statistically consistent. It is relevant to highlight as well that the mean value
of 𝜖 tends to the number of state variables.
The errors of the estimated state are assessed through the analysis of the Mean
Absolute Error (MAE), defined in Equation 2.11, where 𝑁𝑠 is the number of Monte Carlo
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Figure 3 – Consistency plot example - Not consistent (left) and consistent (right) results
simulations and 𝑁𝑣 is the number of state variables. This quantity express the absolute
deviation from the true value of the measurement.
𝑀𝐴𝐸𝑥 =
1
𝑁𝑣 ×𝑁𝑠
𝑁𝑣∑︁
𝑛=1
𝑁𝑠∑︁
𝑠=1
|𝑥𝑡𝑟𝑢𝑒𝑛 − 𝑥𝑛| (2.11)
2.4 The Traditional State Estimator
In this section, the features of the Traditional State Estimator will be discussed.
The TSE is the classical WLS SE which is employed mainly in transmission systems. The
block diagram of the TSE is presented in Figure 4, where the inputs correspond to the
conventional measurements and the output is the state of the system (MONTICELLI,
1999; ABUR; GOMEZ-EXPOSITO, 2004).
The measurements usually available in monitored systems are (a) the active and
reactive power flowing in a branch whose terminal buses are 𝑘 and 𝑚 (𝑝𝜓𝑘𝑚
𝑚𝑒𝑎, 𝑞𝜓𝑘𝑚
𝑚𝑒𝑎),
(b) the active and reactive power injections into a bus k (𝑝𝜓𝑘
𝑚𝑒𝑎, 𝑞𝜓𝑘
𝑚𝑒𝑎) and (c) voltage
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Figure 4 – TSE Block.
magnitude at a bus k (𝑣𝜓𝑘
𝑚𝑒𝑎). Equation 2.12 shows the measurement model for the TSE,
where ℎ(𝑥) is a set of nonlinear equations relating measurements 𝑧 to state variables 𝑥.
Given a set of measurements and their corresponding variances, the TSE can provide the
most likely estimate for state variables in the vector 𝑥. In TSE, the state variables are
the bus voltage angles 𝜃 and the bus voltage magnitudes 𝑣. The errors in measurements,
inherent to the measurement process, are represented by a vector 𝜀, as in Equation 2.12
(MEIER et al., 2014; CHEN et al., 2015).
𝑧 = ℎ(𝑥) + 𝜀
𝑥 = [𝜃 𝑣]𝑇
(2.12)
From the measurement model and the state vector in Equation 2.12, the WLS so-
lution can be obtained as presented in Section 2.2.The Jacobian matrix contains nonlinear
equations and, therefore, the solution is obtained via a iterative procedure.
2.5 The Admittance Matrix Based SE
Alternative methods have been proposed in the literature to deal with the draw-
backs of applying the TSE in distribution systems. The Admittance Matrix Based SE
(AMB-SE) is one of these approaches in which the Jacobian matrix is formed mainly by
admittances of the system. The concept of the AMB-SE is represented by the blocks of
Figure 5. The AMB-SE adopts the real and imaginary parts of the complex bus voltages
as state variables. Therefore, considering that 𝑣𝑟𝑒𝑎𝑙 is the vector containing the real part
of the bus voltages and 𝑣𝑖𝑚𝑎𝑔 corresponds to the vector of the imaginary part of the bus
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voltages, the state vector is given by Equation 2.13 (LU et al., 1995; LIN; TENG, 1996a;
LIN; TENG, 1996b; HAUGHTON; HEYDT, 2013).
Figure 5 – AMB-SE Block.
𝑥 = [𝑣𝑟𝑒𝑎𝑙 𝑣𝑖𝑚𝑎𝑔]𝑇 (2.13)
The equivalent measurements used by the AMB-SE are derived from conventional
measurements. Consider that the current flowing in a branch connecting buses 𝑘 and𝑚 can
be represented as ⃗𝑖𝜓𝑘𝑚 = 𝑖
𝑟𝑒𝑎𝑙,𝜓
𝑘𝑚 + 𝑗𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑘𝑚 , and similarly, the current injections at bus 𝑘 can
be represented by ⃗𝑖𝜓𝑘 = 𝑖
𝑟𝑒𝑎𝑙,𝜓
𝑘 + 𝑗𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑘 . The conventional power measurements (𝑝
𝜓
𝑘𝑚
𝑚𝑒𝑎,
𝑞𝜓𝑘𝑚
𝑚𝑒𝑎, 𝑝𝜓𝑘
𝑚𝑒𝑎,and 𝑞𝜓𝑘
𝑚𝑒𝑎), are converted into equivalent current measurements (ECM),
(𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝑒𝑞𝑢, 𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
𝑒𝑞𝑢, 𝑖𝑟𝑒𝑎𝑙,𝜓𝑘
𝑒𝑞𝑢, and 𝑖𝑖𝑚𝑎𝑔,𝜓𝑘
𝑒𝑞𝑢) and the voltage measurements (𝑣𝜓𝑘
𝑚𝑒𝑎) are
converted into equivalent voltage measurements (EVM) (𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑒𝑞𝑢, and 𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝑒𝑞𝑢) (LU
et al., 1995; LIN; TENG, 1996a). The proper calculation of the ECM and EVM will be
detailed later on in this chapter.
Differently from the TSE, in AMB-SE the measurement equations are linearly
related with the state variables. Therefore, the measurement function may be represented
by Equation 2.14, where 𝐻 is a constant Jacobian matrix that relates the measurements
with the state variables. In this case, 𝑧(𝑥) is the vector of measurements containing the
equivalent measurements and 𝜀 is the equivalent measurement error vector.
The matrix 𝐻 contains the derivative of Equation 2.14 with respect to state
variables. The terms of the Jacobian matrix are represented by the conductances and sus-
ceptances of the system and unitary elements, which does not change within the iterative
process. Note that the Jacobian dimensions are defined by 𝑁𝑒𝑞 lines, corresponding to the
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number of equivalent measurements, and 6 × 𝑁𝑏 columns, corresponding to the number
of state variables.
With a constant Jacobian matrix and assuming fixed variances for equivalent
measurements, the matrix 𝑅𝑧 and, therefore, the Gain matrix become constant. As a
result, the factorization of the Gain matrix is performed just once before the iterative
process, leading to great savings in computational efforts.
The NE is written as in Equation 2.15. This is similar to the NE presented in
Section 2.2, however, it is rewritten with constant matrices. Developing the right-hand
terms of this equation, we come up with Equation 2.16, in that the values for 𝑥𝜈+1 are
obtained directly.
𝑧(𝑥) = 𝐻𝑥+ 𝜀 (2.14)
𝑥𝜈+1 = 𝑥𝜈 + (𝐻𝑇𝑅−1𝑧 𝐻)−1𝐻𝑇𝑅−1𝑧 (𝑧(𝑥𝜈)−𝐻𝑥𝜈) (2.15)
𝑥𝜈+1 = (𝐻𝑇𝑅−1𝑧 𝐻)−1𝐻𝑇𝑅−1𝑧 𝑧(𝑥𝜈) (2.16)
2.6 The Branch Current Based SE
Figure 6 illustrates the concept of the Branch Current Based SE (BCB-SE). Note
that the block diagram is very similar to the one presented for the AMB-SE. However,
the choice of the state variables is different in this case. The main idea of the BCB-
SE is the adoption of branch currents as the state variables. The earlier developments
of this method considered only the voltage measurement at the substation (BARAN;
KELLEY, 1995; LIN et al., 2001). It means that the magnitude voltage measurements
could not be included in the measurement model. Voltage magnitude measurements were
not considered in the formulation of BCB-SE until it was proposed in (TENG, 2002).
This was reformulated in (PAU et al., 2013) which proposed the inclusion of the real and
imaginary parts of the voltage of the reference bus as state variables. However, for the
latter, voltage magnitude measurements are related to the state variables by non-linear
equations, which results in non-linear equations for the Jacobian matrix. In this case, the
Jacobian matrix should be updated each iteration within the iterative process.
With the objective of obtaining a constant Jacobian matrix when using all the
conventional measurements (𝑝𝜓𝑘𝑚
𝑚𝑒𝑎, 𝑞𝜓𝑘𝑚
𝑚𝑒𝑎, 𝑝𝜓𝑘
𝑚𝑒𝑎,𝑞𝜓𝑘
𝑚𝑒𝑎, and 𝑣𝜓𝑘
𝑚𝑒𝑎 ), it was proposed
the use of equivalent measurements (𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝑒𝑞𝑢, 𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
𝑒𝑞𝑢, 𝑖𝑟𝑒𝑎𝑙,𝜓𝑘
𝑒𝑞𝑢, 𝑖𝑖𝑚𝑎𝑔,𝜓𝑘
𝑒𝑞𝑢, 𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑒𝑞𝑢 and
𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝑒𝑞𝑢) (TENG, 2002).
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Figure 6 – BCB-SE Block.
The state variables adopted in the BCB-SE are the real and imaginary parts of
the branch currents and the real and imaginary parts of the voltage at the reference bus,
as presented in Equation 2.17. In the state vector, 𝑖𝑟𝑒𝑎𝑙 and 𝑖𝑖𝑚𝑎𝑔 are vectors of the real and
imaginary parts of the branch currents, respectively. The variables 𝑣𝑟𝑒𝑎𝑙,𝑎𝑏𝑐𝑟 and 𝑣𝑖𝑚𝑎𝑔,𝑎𝑏𝑐𝑟
correspond to the real and imaginary parts of voltage at the reference bus 𝑟 for the three
phases 𝑎, 𝑏, and 𝑐. As a result, the Equation 2.18 represents the measurement model for
the BCB-SE.
𝑥 = [𝑣𝑟𝑒𝑎𝑙,𝑎𝑏𝑐𝑟 , 𝑖𝑟𝑒𝑎𝑙, 𝑣𝑖𝑚𝑎𝑔,𝑎𝑏𝑐𝑟 , 𝑖𝑖𝑚𝑎𝑔]𝑇 (2.17)
𝑧(𝑥) = 𝐻𝑥+ 𝜀 (2.18)
The measurement model for the BCB-SE can be well represented as a linear
matrix equation, where H is the Jacobian matrix. The elements of H are the derivatives
of the equivalent measurements equations with respect to the state variables. Considering
that 𝑁ℓ is the number of branches of the system, 𝑁𝑣 = 6 × (1 + 𝑁ℓ) is the number of
state variables. Note that the Jacobian dimension is 𝑁𝑒𝑞 ×𝑁𝑣, where 𝑁𝑒𝑞 represents the
number of equivalent measurements. These derivatives are detailed in the appendix A. As
a result, the NE solution can be written as in Equation 2.19, which is the NE presented
in Section 2.2, rewritten with constant matrices. Developing the right-hand side of this
equation, Equation 2.20 is obtained.
𝑥𝜈+1 = 𝑥𝜈 + (𝐻𝑇𝑅−1𝑧 𝐻)−1𝐻𝑇𝑅−1𝑧 (𝑧(𝑥𝜈)−𝐻(𝑥𝜈)) (2.19)
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𝑥𝜈+1 = (𝐻𝑇𝑅−1𝑧 𝐻)−1𝐻𝑇𝑅−1𝑧 𝑧(𝑥𝜈) (2.20)
2.6.1 Meshed topologies
The majority of distribution systems present radial topology, however, it is pos-
sible that some systems present a level of meshing. Different from the TSE and AMB-SE,
in the BCB-SE whenever the loops are found in distribution systems these loops must be
considered in the problem as equality constraints (BARAN; KELLEY, 1995; LIN et al.,
2001). The constraints consider that the sum of the voltages in a closed loop is equal to
zero as stated by the Kirchhoff’s Voltage Law (KVL). Therefore, the equations in 2.21
must be included as equality constraints in the problem, for each system phase (𝜓 = 𝑎,
𝑏, and 𝑐), separately.
∑︁
𝑘𝑚∈𝐿𝑜𝑜𝑝
⎡⎣ 𝑅𝜓𝜌𝑘𝑚 −𝑋𝜓𝜌𝑘𝑚
𝑋𝜓𝜌𝑘𝑚 𝑅
𝜓𝜌
𝑘𝑚
⎤⎦⎡⎣ 𝑖𝑟𝑒𝑎𝑙,𝜌𝑘𝑚
𝑖𝑖𝑚𝑎𝑔,𝜌𝑘𝑚
⎤⎦ = 0 (2.21)
Note that, for each loop in the system, six constraints must be included (for each
phase and for real and imaginary parts). The minimization problem becomes a constrained
problem, as indicated in Equation 2.22, where, 𝑐𝑙𝑜𝑜𝑝(𝑥) includes all the loop equations per
phase and per real and imaginary parts, separately.
𝑚𝑖𝑛 𝐽(𝑥) = (𝑧(𝑥)−𝐻𝑥)𝑇𝑅−1𝑧 (𝑧(𝑥)−𝐻𝑥)
𝑠.𝑡 𝑐𝑙𝑜𝑜𝑝(𝑥) = 0
(2.22)
The result is obtained solving the Lagrangian problem iteratively, using the Equa-
tion 2.23, where 𝐶𝑙𝑜𝑜𝑝 contains the derivatives of 𝑐𝑙𝑜𝑜𝑝(𝑥) with respect to the state variables.
An analysis of the structure of 𝐶𝑙𝑜𝑜𝑝 reveals that it is composed of the resistance and reac-
tance of the branches in the closed loop. The vector 𝜆 contains the Lagrangian multipliers
associated to the constraints, and Δ𝑧(𝑥𝜐) = 𝑧(𝑥𝜐)−𝐻𝑥𝜐.
⎡⎣ 𝐻𝑇𝑅−1𝑧 𝐻 𝐶𝑙𝑜𝑜𝑝
𝐶𝑙𝑜𝑜𝑝 0
⎤⎦⎡⎣ Δ𝑥𝜈
𝜆
⎤⎦ =
⎡⎣ 𝐻𝑅−1𝑧 Δ𝑧(𝑥𝜈)
0
⎤⎦ (2.23)
2.7 Equivalent measurements
As it was mentioned, active and reactive power and voltage magnitude mea-
surements comprise the available monitored information. For both the AMB-SE and the
BCB-SE, it is necessary to convert the actual measurements into equivalent measure-
ments (BARAN; KELLEY, 1995; LU et al., 1995; LIN; TENG, 1996a; LIN et al., 2001).
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The calculation of equivalent current measurement (ECM) out of the active and reactive
power flows and injections is shown in Equation 2.24. These must be calculated for each
phase, separately. Note also that the equivalent current measurements are updated each
iteration.
𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝑒𝑞𝑢 + 𝑗𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
𝑒𝑞𝑢 =
⎡⎣ 𝑝𝜓𝑘𝑚𝑚𝑒𝑎 + 𝑗𝑞𝜓𝑘𝑚𝑚𝑒𝑎
𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑐𝑎𝑙 + 𝑗𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝑐𝑎𝑙
⎤⎦*
𝑖𝑟𝑒𝑎𝑙,𝜓𝑘
𝑒𝑞𝑢 + 𝑗𝑖𝑖𝑚𝑎𝑔,𝜓𝑘
𝑒𝑞𝑢 =
⎡⎣ 𝑝𝜓𝑘 𝑚𝑒𝑎 + 𝑗𝑞𝜓𝑘 𝑚𝑒𝑎
𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑐𝑎𝑙 + 𝑗𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝑐𝑎𝑙
⎤⎦* (2.24)
Voltage magnitude measurements (with no information regarding the angles)
must be converted into their complex equivalents voltage measurements (EVM) (LU et al.,
1995; TENG, 2002). Note that the equivalent voltage measurements are also updated each
iteration, as they are a function of the complex voltages. Additionally, as one magnitude
measurements are converted in two equivalent voltage measurements (real and imaginary
parts), the observability of the network is artificially improved and the convergence of
the AMB-SE as well as of the BCB-SE can be seriously deteriorated, especially if the
magnitude measurements are far for the reference bus.
𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑒𝑞𝑢 + 𝑗𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝑒𝑞𝑢 = 𝑣𝜓𝑘
𝑚𝑒𝑎
⎛⎝ 𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 𝑐𝑎𝑙 + 𝑗𝑣𝑖𝑚𝑎𝑔,𝜓𝑘 𝑐𝑎𝑙√︁
(𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑐𝑎𝑙)2 + (𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝑐𝑎𝑙)2
⎞⎠ (2.25)
2.7.1 Variances of the equivalent measurements
In the AMB-SE and BCB-SE, for the sake of simplicity, usually the correla-
tions between the real and imaginary parts of the equivalent current measurements are
not considered, i.e., the corresponding covariances are neglected (MUSCAS et al., 2014a).
However, this simplification can significantly deteriorate the consistency of the SE. There-
fore, here it is proposed to consider the covariances between real and imaginary parts of
the equivalent current measurements in order to improve the consistency of both the
AMB-SE and the BCB-SE. Given the measurements variances and considering the er-
ror propagation theory, the variances/covariances of the real and imaginary parts of the
equivalent currents for a given phase of the distribution system are calculated using Equa-
tion 2.26. The same equation is applied to the current flows by simply considering power
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flows instead of power injections.
⎡⎢⎢⎢⎣ 𝜎
2
𝑖𝑟𝑒𝑎𝑙,𝜓
𝑘
𝑒𝑞𝑢 𝜎
𝑖𝑟𝑒𝑎𝑙,𝜓
𝑘
𝑒𝑞𝑢
,𝑖𝑖𝑚𝑎𝑔,𝜓
𝑘
𝑒𝑞𝑢
𝜎
𝑖𝑟𝑒𝑎𝑙,𝜓
𝑘
𝑒𝑞𝑢
,𝑖𝑖𝑚𝑎𝑔,𝜓
𝑘
𝑒𝑞𝑢 𝜎2
𝑖𝑖𝑚𝑎𝑔,𝜓
𝑘
𝑒𝑞𝑢
⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣𝛼
2𝜎2
𝑝𝜓
𝑘
𝑚𝑒𝑎 + 𝛽2𝜎2
𝑞𝜓
𝑘
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𝑝𝜓
𝑘
𝑚𝑒𝑎 − 𝜎2
𝑞𝜓
𝑘
𝑚𝑒𝑎)
𝛼𝛽(𝜎2
𝑝𝜓
𝑘
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𝑘
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𝑘
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⎤⎥⎥⎥⎦
(2.26)
The constants 𝛼 and 𝛽 are calculated only once for each SE run using the previ-
ously estimated voltages, as the following:
𝛼 = 𝑣
𝑟𝑒𝑎𝑙,𝜓
𝑘
𝑐𝑎𝑙
(𝑣𝑟𝑒𝑎𝑙,𝜓
𝑘
𝑐𝑎𝑙)2+(𝑣𝑖𝑚𝑎𝑔,𝜓
𝑘
𝑐𝑎𝑙)2
𝛽 = 𝑣
𝑖𝑚𝑎𝑔,𝜓
𝑘
𝑐𝑎𝑙
(𝑣𝑟𝑒𝑎𝑙,𝜓
𝑘
𝑐𝑎𝑙)2+(𝑣𝑖𝑚𝑎𝑔,𝜓
𝑘
𝑐𝑎𝑙)2
.
For the equivalent voltage measurements, considering the error propagation the-
ory and given the variance of a voltage magnitude measurement, the variance for the
equivalent voltage measurement, for any phase, is calculated by Equation 2.27, where
𝜃𝜓𝑘
𝑐𝑎𝑙 is the voltage angle (for a given phase 𝜓) regarding the bus 𝑘 calculated from a
power flow (LU et al., 1995). The complex voltages can also be obtained from the previ-
ous estimation.
⎡⎢⎢⎢⎣ 𝜎
2
𝑣𝑟𝑒𝑎𝑙,𝜓
𝑘
𝑒𝑞𝑢 𝜎
𝑣𝑟𝑒𝑎𝑙,𝜓
𝑘
𝑒𝑞𝑢
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𝑘
𝑒𝑞𝑢
𝜎
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𝑘
𝑒𝑞𝑢
,𝑣𝑖𝑚𝑎𝑔,𝜓
𝑘
𝑒𝑞𝑢 𝜎2
𝑣𝑖𝑚𝑎𝑔,𝜓
𝑘
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𝑐𝑎𝑙) 𝜎
𝑣𝜓
𝑘
𝑚𝑒𝑎𝑠𝑖𝑛(𝜃𝜓𝑘
𝑐𝑎𝑙)𝑐𝑜𝑠(𝜃𝜓𝑘
𝑐𝑎𝑙)
𝜎
𝑣𝜓
𝑘
𝑚𝑒𝑎𝑠𝑖𝑛(𝜃𝜓𝑘
𝑐𝑎𝑙)𝑐𝑜𝑠(𝜃𝜓𝑘
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𝑘
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⎤⎥⎥⎥⎦
(2.27)
2.8 Case study
In this section, a three-phase 34-bus distribution system containing unbalanced
loads and asymmetrical parameters is adopted in order to assess the proposed approaches.
The system topology is shown in Figure 7 (IEEE, 2010). The buses are numbered from 1
to 35, with an additional bus due to the substation transformer. The substation supplies a
three-phase feeder in 24.9 kV through a 2.5 MVA transformer. For the sake of simplicity,
all the loads were considered to be Yg connected, and the distributed loads were allocated
to the extremes nodes of the branches. The angular reference is set specifying the angles
for the three phases of the bus 1 of the test system. These angles are defined as 0∘,-120∘
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and 120∘ for the phases 𝑎, 𝑏 and 𝑐, respectively. As a result, the asymmetry of the system
parameters as well as the load unbalances are ignored.
Figure 7 – IEEE 34-Bus test feeder topology and monitor location
The inline transformers were set with the nominal tap, as well as the step-down
transformer. All the transformers were modeled as Yg-Yg connected transformers.
Two metering plans were adopted, according to the following:
∙ Case 1 : Only the active and reactive power measurement and voltage magnitude
measurement at the substation are considered (Bus 1 and branch 1-2);
∙ Case 2 : The active and reactive power measurement and voltage magnitude mea-
surement at the substation are considered as well as four additional voltage magni-
tude measurements at buses 7, 15, 20 and 27.
For remaining buses, pseudo-measurements or virtual measurements (for buses
with null injection) are assigned. The convergence tolerance was adjusted to Δ𝑥 = 10−5.
The variances of the measurements are calculated according to Equation 2.7 considering
the accuracies given in Table 1.
In distribution systems, it is common to find some buses for which the load is
zero. These zero injections are perfect information and, therefore, they must be associated
with very high weights when solving the SE via NE. These measurements are also known
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as virtual measurements. For virtual measurements, a low value is chosen for the variances
(10−8).
Table 1 – Measurement types and associated errors
Type of measurement Error
Voltage Measurement (𝑣) ±0.5%
Power Flow (𝑝, 𝑞) ±3%
Pseudo (𝑝, 𝑞) ±50%
For the studies in this work it was used a computer with the processor Intel
Core i7-6700 3.4GHz, 16GB of RAM, HDD of 1TB 7200RPM. The operational system is
Windows 10 Pro. All algorithms were implemented and simulations were carried out in
MATLAB R2014a.
2.8.1 Results: assessment without errors in measurements
In this analysis, the convergence characteristics, the errors in the estimated quan-
tities and the coefficient matrices for each approach were analysed without errors in the
measurements. The convergence features for the Case 1 are shown in Figure 8. As it
can be observed, it takes the TSE 4 iterations for the convergence, while the AMB-SE
converges in 5 iterations and the BCB-SE in 7 iterations for the specified tolerance. For
higher tolerances (i.e. 10−3) the three SEs present very similar convergence features. The
difference in the convergence behavior of the SEs is explained by the characteristic of the
studied feeder, which has asymmetrical parameters.
For the Case 2, the convergence is shown in Figure 9. It can be seen that only the
TSE could reach the convergence for the specified tolerance, The AMB-SE and BCB-SE
fail to converge due to the presence of voltage measurements far from the reference bus.
For a tolerance of 10−4, the AMB-SE would converge in around 9 iterations, while the
BCB-SE only converges for aa tolerance of 10−2. This behavior was also shown for the
AMB-SE in (ALMEIDA; OCHOA, 2016). despite the lower convergence of the AMB-SE
and BCB-SE, the computational process is faster once that the coefficient matrices are
built and factorized only once, and before the iterative process.
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Figure 8 – Case study with the IEEE 34-bus system - Convergence - Case 1.
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Figure 9 – Case study with the IEEE 34-bus system - Convergence - Case 2.
The mean absolute errors (MAEs) for the estimated nodal voltage angles and
magnitudes per bus are presented in Figures 10 and 11, respectively, for the Case 1. The
errors in voltage angles are presented in crad (centiradians), while the errors in voltage
magnitudes are presented in p.u. When comparing the three SEs it is observed the same
level of error for voltages magnitudes. The numerical order of the errors for both voltage
angles and magnitudes estimates are considered high once that the measurements are
perfect at this stage of the simulation.
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Figure 10 – MAE in estimated 𝜃𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)
- Case 1 - no error in measurements
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Figure 11 – MAE in estimated 𝑣𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)
- Case 1 - no error in measurements
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Figures 12 and 13 show the errors in the estimated voltage angles and voltages
magnitudes, respectively, for the Case 2. As it can be observed, the presence of voltage
magnitude measurements far from substation affects not only the convergence but the
quality of the estimated quantities. For the estimated angles, the errors are significative
when using the BCB-SE. The errors in the estimated voltage magnitudes are also con-
siderably higher than for the TSE. As a preliminary conclusion, the tests shown in this
section indicate the need for promoting enhancements in the BCB-SE in order to cater
for the treatment of the voltage magnitude measurements.
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Figure 12 – MAE in estimated 𝜃𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)
- Case 2 - no error in measurements.
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Figure 13 – MAE in estimated 𝑣𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)
- Case 2 - no error in measurements.
Figure 14 shows the structures of the Jacobian and the Gain matrices for the
Case 1, for each SE. It can be seen that both the TSE and the AMB-SE matrices present
the same structure. The Gain matrices of the TSE and AMB-SE present an exactly equal
number of non-zero elements. Differently, both the Jacobian and the Gain matrices of
the BCB-SE are more sparse for the Case 1. It is observed that the Gain matrix of the
BCB-SE has 1140 non-zero elements, which is approximately 80% less when compared
with the number of non-zero elements in the TSE and the AMB-SE Gain matrices. This
represents a computational advantage of the BCB-SE, if techniques for sparse matrices
are applied.
It is also important to mention that both the AMB-SE and the BCB-SE present
constant Jacobin matrices, which results in computational advantages when compared
with the TSE. The elements of the Jacobian Matrix of the TSE must be updated at each
iteration, assembling and factorizing the Gain matrix in the sequence. For distribution
systems with a very high number of buses this represent a significant computational
burden that is avoided.
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Figure 14 – Jacobian (top) and Gain matrices (bottom) structures per SE - Case 1
Figure 15 shows the structure of the Jacobian and the Gain matrices for the Case
2, for the TSE, the AMB-SE and the BCB-SE. The number of non-zero elements of the
Jacobian matrix for the TSE and AMB-SE presented a slight increase due to the use
of voltage magnitude measurements. However, the Gain matrices of the TSE and AMB-
SE present the same number of non-zero elements and this number had no increase in
comparison with Case 1. On the other hand, the use of voltage measurements significantly
affected the sparsity of the BCB-SE matrices. In the Jacobian matrix, the increase of
non-zero elements is over 400%, while the Gain matrix of the BCB-SE presented 15698
non-zero elements in Case 2, which is an increase of over 1000% in the number of non-zero
elements in comparison with the Case 2. In fact, the sparsity level of the BCB-SE Gain
matrix falls from 97,4% in Case 1 to 63,0% in Case 2.
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Figure 15 – Jacobian (top) and Gain matrices (bottom) structures per SE - Case 2
2.8.2 Results: analysis with errors added to measurements - Monte Carlo
simulation
In this part of the study, the measurements were perturbated in order to assess the
statistical behavior of the SEs. A total of 500 simulations were performed, perturbing the
measurements according to Equation 2.8. As some convergence problems were encountered
for the Case 2, the results presented in this section are for the Case 1 only. In the Chapter
4 the convergence problems will be addressed.
The main average errors of the estimated voltage angles and voltage magnitudes
are shown in Figures 16 and 17, respectively, with values presented per bus. Both figures
show the same magnitude of errors regardless of the SE. These errors are not only due to
the errors in measurements but also due to the adopted balanced angular reference.
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Figure 16 – MAE in estimated 𝜃𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)
- Monte Carlo simulation - Case 1
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Figure 17 – MAE in estimated 𝑣𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)-
Monte Carlo simulation - Case 1
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A complete analysis of the Monte Carlo simulations can be obtained observing
the errors of the estimated state performing the bias and the statistic consistency analysis.
For WLS SEs, it is expected the results to be consistent and unbiased, which means that
the errors of the estimated state should be distributed around zero, following a normal
distribution, as discussed in Section 2.3.
Figures 18 and 19 show the analysis of bias and statistical consistency, respec-
tively. Each figure presents three plots which refer to the TSE, the AMB-SE and the
BCB-SE, as indicated. Figure 18 presents the normality check plot of the errors in the
estimated state. It is observed that the results presented to be biased once that, although
errors seem to follow the linear segment corresponding to a normal distribution pattern,
the mean of the distribution is not zero for any SE.
Figure 19, shows the consistency plot for each estimator. In this figure, the index
∈ is plotted for every simulation and compared to the upper and lower 𝜒2-test limits
indicated by the red lines. For this analysis, a confidence level of 95% was adopted. The
index ∈ was supposed to fall within those limits for a consistent SE in around 95% of
the simulations. It can be seen that only the TSE shows statistical consistency. Table 2
indicates that ∈ felt outside the boundaries for 5.6% of the cases, which indicates that
for 94.4% of the cases the index is within the boundaries (close enough from 95% and
acceptable for the analysis). Moreover, the ∈ mean value approximates from the number
of state variables of the problem (𝑁𝑣 = (6 × 𝑁𝑏) − 3 = 208, once that 3 constraints are
added due to the angular reference).
For the AMB-SE and BCB-SE, the results in the consistency plot show that the
SEs are not consistent. The majority of the ∈ values are outside the limits. As it can be
seen, the basic WLS requirements for a consistent SE are not completely fulfilled. Table
2 shows the overall average errors in the estimated quantities for the SEs. In fact, as it
will be shown in the next chapter, crucial aspects of distribution systems, such as the
parameters asymmetry and unbalance of loads, are not considered in the approach used
to set the angular reference, which degrades the statistical properties of the AMB-SE and
the BCB-SE.
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Figure 18 – Bias analysis for TSE(left), AMB-SE (middle) and BCB-SE (right) - Normal-
ity check plot for Case 1
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Figure 19 – Consistency analysis for TSE (top), AMB-SE (middle), and BCB-SE (bot-
tom) for Case 1.
Table 2 – Average results for the Monte Carlo Simulation Analysis - Case 1
TSE AMB-SE BCB-SE
MAE 𝜃𝑘 (crad) 0.2956 0.2943 0.2916
MAE 𝑣𝑘 (p.u.) 0.0018 0.0018 0.0018
Average no. iterations 4.1400 7.0000 4.9940
∈ outside bounds (%) 4.4 98.0 98.0
Average ∈ in the simulation 208 299 293
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2.9 Conclusions
In this chapter, three distribution system state estimators were presented and
compared. These state estimators calculate the Weighted Least Squares solutions via
Normal Equation. The following describes the main findings and conclusions from this
preliminary study:
∙ The Traditional State Estimator is the classical well-known formulation used in
transmission systems. The application of this formulation in distribution systems
is possible if the fully coupled model is considered. In distribution systems, the
r/x ratio is considerably higher and the decoupled methods cannot be directly ap-
plied. Therefore the performance cost of using the TSE in distribution networks is
considerably higher when compared to transmission systems.
∙ The AMB-SE is presented as a viable alternative to the TSE once the method is
based on a constant Jacobian matrix and therefore a constant Gain matrix can
be obtained. The factorization of the Gain matrix can be performed just once and
before the iterative process, which fastens the estimation process. On the other hand,
the proposed treatment of voltage magnitude measurements to obtain a constant
Jacobian matrix directly impacts in the convergence characteristic of the estimator,
as it was demonstrated in the case study. Indeed, the problems associated to voltage
magnitude measurements were solved in a previous work (ALMEIDA; OCHOA,
2016).
∙ The BCB-SE is also a viable alternative to the TSE as the method is also based on
constant Jacobian and Gain matrices. The main idea of the BCB-SE is the adoption
of branch currents as state variables. There are many variations of this method in
the literature with many gaps related to obtaining a constant Jacobian matrix. The
convergence features of the BCB-SE is also directly affected by the use of voltage
magnitude measurements. On the other hand, the lower sparsity of the Jacobian
matrix in the BCB-SE makes it prone to benefit from sparse matrix techniques;
∙ Although the sparsity of the coefficient matrices in the BCB-SE is lower than in
other approaches, this sparsity is significantly affected when voltage measurements
are included in the measurement model. Therefore, it is necessary to implement
alternative solution methods to consider voltage measurements, minimising the loss
of sparsity;
∙ Finally, the literature concerning the SE for distribution system does not provide
enough details on how the angular reference of three-phase state estimators must
be defined. In some cases, balanced angular reference is set at the substation bus,
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making the assumption that voltages are balanced at this location. However, this
approximation inputs errors in the estimated state.
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Chapter 3
Specifying angular reference for
three-phase distribution system SEs
This chapter discusses and presents how to specify the angular reference for the
TSE, the AMB-SE and the BCB-SE. Two different approaches are presented. The first
one is recommended for balanced systems, while the second one is more general and
recommended for both balanced and unbalanced systems. An improved version of the
second approach, based on a reduced number of state variables, is also proposed. For
proper treatment of the reference angle, it is proposed to include the system upstream
the substation in state estimation modeled as a voltage source in series with an impedance.
The angular reference is specified at the balanced internal bus of the equivalent generator.
In the next section, it is introduced the main idea for the angular reference setting in
distribution system SEs. Next, the approaches for specifying the angular reference are
presented in detail. Following, the impacts on the Jacobian matrices of the three SEs
are discussed. In the sequence, the approaches are assessed through case studies using a
34-bus system. Finally, conclusions are drawn in the end of this chapter.
3.1 Introduction
Similar to power flow analysis, in power system state estimation an angular ref-
erence is required to make the problem solvable. For single-phase state estimators, setting
the angle of the substation bus to 0∘ is the usual practice. Regarding the voltage magnitude
in single-phase state estimators, the substation voltage is not specified (as a constraint),
however, at least one bus voltage magnitude measurement is required.
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For three-phase SEs, the usual practice is to set the voltage angles of the substa-
tion bus at 0∘, −120∘, and 120∘, while the voltage magnitudes are specified with equal
magnitudes. This idea is illustrated in Figure 20. The picture on the left side shows the
location of the angular reference bus at the substation. The picture on the right side of
Figure 20 presents a method for angular reference setting based on the modelling of the
equivalent network upstream the substation. This equivalent network is modelled as an
ideal voltage source in series with an impedance. The angular reference is specified at the
balanced internal bus of the equivalent generator.
Figure 20 – Reference bus setting examples: at the substation bus (left) and using an
equivalent system upstream the substation (right)
In the next section, the two different approaches for specifying the reference angles
in distribution systems SE are presented. The first one is recommended for balanced
systems, while the second one is more general and recommended for both balanced and
unbalanced systems, as typically observed in medium and low voltages levels.
3.2 Setting the angular references for balanced feeders
In balanced feeders, assuming that at least one voltage magnitude measurement
is available per phase, the recommended practice is to specify balanced voltages angles
at the substation bus. In order to do so, the constraints are shown in Equation 3.1 must
be included as perfect measurements associated with very high weights or as equality
constraints in the state estimator. Additionally, 𝜃𝑠𝑝𝑒 can be specified in any value, typi-
cally at zero. Figure 21 illustrates this case for a three-bus feeder. Note that the angular
references, identified by 𝑟, are specified at the substation bus, with the notation 𝑠.
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Figure 21 – Setting angular reference for balanced feeders
𝜃𝑎𝑟 = 𝜃𝑠𝑝𝑒
𝜃𝑏𝑟 = 𝜃𝑠𝑝𝑒 − 120∘
𝜃𝑐𝑟 = 𝜃𝑠𝑝𝑒 + 120∘
(3.1)
For the TSE, the state vector can be represented by the voltage magnitudes and
angles for each bus. It is shown in Equation 3.2 for the system of Figure 21.
𝑥 =
[︁
𝜃𝑎𝑏𝑐𝑟 𝜃
𝑎𝑏𝑐
1 𝜃
𝑎𝑏𝑐
2 𝑣
𝑎𝑏𝑐
𝑟 𝑣
𝑎𝑏𝑐
1 𝑣
𝑎𝑏𝑐
2
]︁𝑇 (3.2)
For the AMB-SE and the BCB-SE, the complex voltages of the reference bus
are represented in rectangular form. The state vector for the three-bus system can be
represented by Equations 3.3 and 3.4 for the AMB-SE and the BCB-SE, respectively.
Considering these state vectors, the constraints shown in Equation 3.1 are rewritten as
in Equation 3.5. These constraints can be derived from the trigonometrical properties of
the balanced voltage phasors shown in Figure 22.
𝑥 =
[︁
𝑣𝑟𝑒𝑎𝑙,𝑎𝑏𝑐𝑟 𝑣
𝑟𝑒𝑎𝑙,𝑎𝑏𝑐
1 𝑣
𝑟𝑒𝑎𝑙,𝑎𝑏𝑐
2 𝑣
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
𝑟 𝑣
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
1 𝑣
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
2
]︁𝑇 (3.3)
𝑥 =
[︁
𝑣𝑟𝑒𝑎𝑙,𝑎𝑏𝑐𝑟 𝑖
𝑟𝑒𝑎𝑙,𝑎𝑏𝑐
𝑟1 𝑖
𝑟𝑒𝑎𝑙,𝑎𝑏𝑐
12 𝑣
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
𝑟 𝑖
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
𝑟1 𝑖
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
12
]︁𝑇 (3.4)
𝑣𝑖𝑚𝑎𝑔,𝑎𝑟 + 𝑡𝑎𝑛(𝜃𝑠𝑝𝑒)𝑣𝑟𝑒𝑎𝑙,𝑎𝑟 = 0
𝑣𝑟𝑒𝑎𝑙,𝑏𝑟 − 𝑡𝑎𝑛(𝜃𝑠𝑝𝑒 − 120∘)𝑣𝑖𝑚𝑎𝑔,𝑏𝑟 = 0
𝑣𝑟𝑒𝑎𝑙,𝑐𝑟 + 𝑡𝑎𝑛(𝜃𝑠𝑝𝑒 + 120∘)𝑣𝑖𝑚𝑎𝑔,𝑐𝑟 = 0
(3.5)
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For the feeder shown in Figure 21, the total number of state variables is 18.
For instance, in the TSE there are 6 state variables per bus. Therefore, 18 independent
equations relating the state variables are required to make the feeder observable. As 3
constraints are available from Equation 3.3 or Equation 3.5, 15 measurements, including
one voltage magnitude per phase, are required to make the feeder minimally observable.
r
r
r
Figure 22 – Voltages at the reference bus
3.3 Setting the angular references for balanced and unbalanced
feeders
Setting balanced angular references at the substation bus, according to 3.1 or 3.5,
is a well-accepted solution for balanced feeders. However, for unbalanced systems, this
approach may introduce significant errors in the estimated state. For proper treatment
of unbalanced feeders, the system upstream the substation must be included in state
estimation represented by an ideal balanced three-phase voltage source in series with an
impedance. The angular references are then specified at the balanced bus connected to
the ideal generator, shown in blue in Figure 23. This balanced bus is also known as the
internal bus of the equivalent generator.
Figure 23 show the same three-phase and three-bus example system with the
inclusion of an additional bus 𝑟 and a branch connecting the bus 𝑟 to the bus 𝑠. As
the voltages at the reference (internal) bus 𝑟 are balanced, the constraints regarding the
voltage angles in 3.1, and the constraints regarding the voltage magnitudes in 3.6 need to
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be considered.
𝑣𝑎𝑟 = 𝑣𝑏𝑟 = 𝑣𝑐𝑟 (3.6)
Figure 23 – Setting angular reference for balanced as well as for unbalanced feeders. Ref-
erence bus, in blue, is connected to a three-phase ideal generator.
Considering Figure 23, the state vectors for the TSE, AMB-SE and BCB-SE are
presented in equations 3.7, 3.8, and 3.9, respectivelly.
𝑥 =
[︁
𝜃𝑎𝑏𝑐𝑟 𝜃
𝑎𝑏𝑐
𝑠 𝜃
𝑎𝑏𝑐
1 𝜃
𝑎𝑏𝑐
2 𝑣
𝑎𝑏𝑐
𝑟 𝑣
𝑎𝑏𝑐
𝑠 𝑣
𝑎𝑏𝑐
1 𝑣
𝑎𝑏𝑐
2
]︁𝑇
(3.7)
𝑥 =
[︁
𝑣𝑟𝑒𝑎𝑙,𝑎𝑏𝑐𝑟 𝑣
𝑟𝑒𝑎𝑙,𝑎𝑏𝑐
𝑠 𝑣
𝑟𝑒𝑎𝑙,𝑎𝑏𝑐
1 𝑣
𝑟𝑒𝑎𝑙,𝑎𝑏𝑐
2 𝑣
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
𝑟 𝑣
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
𝑠 𝑣
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
1 𝑣
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
2
]︁𝑇
(3.8)
𝑥 =
[︁
𝑣𝑟𝑒𝑎𝑙,𝑎𝑏𝑐𝑟 𝑖
𝑟𝑒𝑎𝑙,𝑎𝑏𝑐
𝑟𝑠 𝑖
𝑟𝑒𝑎𝑙,𝑎𝑏𝑐
𝑠1 𝑖
𝑟𝑒𝑎𝑙,𝑎𝑏𝑐
12 𝑣
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
𝑟 𝑖
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
𝑟𝑠 𝑖
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
𝑠1 𝑖
𝑖𝑚𝑎𝑔,𝑎𝑏𝑐
12
]︁𝑇
(3.9)
Generalizing for any system, the state variables for the TSE, AMB-SE and BCB-
SE are rewritten in Equations 3.10, 3.11 and 3.12, respectively. In 3.12, the currents of
the branch connecting reference buses 𝑟 and substation bus 𝑠 are included in vectors 𝑖𝑟𝑒𝑎𝑙
and 𝑖𝑖𝑚𝑎𝑔. For the sake of completeness, the phases for reference bus are explicitly shown.
After the inclusion of the system upstream the substation, six new state variables are
added to the SE and, therefore, at least six new measurement or constraints are required
to assure the observability of the system (MARSH, 1989). Besides the constraints shown
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in 3.1 or 3.5, and 3.6, the zero injections at the substation bus 𝑠 can be used in order to
assure the system observability.
𝑥 =
[︁
𝜃𝑎𝑏𝑐𝑟 𝜃 𝑣
𝑎𝑏𝑐
𝑟 𝑣
]︁𝑇
(3.10)
𝑥 =
[︁
𝑣𝑟𝑒𝑎𝑙,𝑎𝑏𝑐𝑟 𝑣
𝑟𝑒𝑎𝑙 𝑣𝑖𝑚𝑎𝑔,𝑎𝑏𝑐𝑟 𝑣
𝑖𝑚𝑎𝑔
]︁𝑇
(3.11)
𝑥 =
[︁
𝑣𝑟𝑒𝑎𝑙,𝑎𝑏𝑐𝑟 𝑖
𝑟𝑒𝑎𝑙 𝑣𝑖𝑚𝑎𝑔,𝑎𝑏𝑐𝑟 𝑖
𝑖𝑚𝑎𝑔
]︁𝑇
(3.12)
3.3.1 Reducing the number of state variables
Considering the constraints shown in 3.1 and 3.6 for the reference bus 𝑟, the
magnitudes and angles of the voltages at phases 𝑏 and 𝑐 can be written as a function
of the magnitude and angle of the voltage at phase 𝑎. Therefore, the number of state
variables for the TSE regarding the reference bus 𝑟 can be reduced to the voltage angle
and voltage magnitude of phase 𝑎, as illustrated in Figure 24 and shown in Equation
3.13. Adopting this reduced set of state variables, the numerical conditioning of both the
Jacobian and the Gain matrices may be improved.
𝑥 =
[︁
𝜃𝑎𝑟 𝜃 𝑣
𝑎
𝑟 𝑣
]︁𝑇
(3.13)
Figure 24 – Setting angular reference for balanced as well as for unbalanced feeders using
a reduced set of state variables. Phase 𝑎 of the reference bus is connected to
a single-phase ideal generator.
Regarding AMB-SE and BCB-SE, the state variables corresponding to phases 𝑏
and 𝑐 of the reference bus 𝑟 can also be written as a function of the voltage in phase
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𝑎. Since voltages on reference bus 𝑟 are perfectly balanced, the voltage phasors at the
phases 𝑏 and 𝑐 can be writen as in Equation 3.14, where 𝜃𝑏𝑎𝑟 = 𝜃𝑏𝑟 − 𝜃𝑎𝑟 = −120∘ and
𝜃𝑐𝑎𝑟 = 𝜃𝑐𝑟 − 𝜃𝑎𝑟 = +120∘.
𝑣𝑏𝑟 = 𝑣𝑎𝑟𝑒𝑗𝜃
𝑏𝑎
𝑟
𝑣𝑐𝑟 = 𝑣𝑎𝑟𝑒𝑗𝜃
𝑐𝑎
𝑟
(3.14)
Developing the right-hand terms of 𝑣𝑏𝑟 and 𝑣𝑐𝑟 in Equation 3.14 and separating
the real and imaginary components, the relations in Equation 3.15 are obtained, where
𝜓 = 𝑎, 𝑏 or 𝑐. Note that these constraints depend only on the voltage of phase 𝑎. They
need to be added as constraints in the SE problem.
⎡⎣ 𝑣𝑟𝑒𝑎𝑙,𝜓𝑟
𝑣𝑖𝑚𝑎𝑔,𝜓𝑟
⎤⎦ =
⎡⎣ 𝑐𝑜𝑠(𝜃𝜓𝑎𝑟 ) −𝑠𝑖𝑛(𝜃𝜓𝑎𝑟 )
𝑠𝑖𝑛(𝜃𝜓𝑎𝑟 ) 𝑐𝑜𝑠(𝜃𝜓𝑎𝑟 )
⎤⎦⎡⎣ 𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
⎤⎦ (3.15)
Finally, the state vectors can be written as in Equations 3.16 and 3.17 for the
AMB-SE and BCB-SE, respectively. In Equation 3.15, the constraints in Equation 3.6 are
used in order to reduce the number of state variables, therefore, only the null active and
reactive power injections at the substation bus 𝑠, or the corresponding equivalent current
measurements, are included in SEs to guarantee the system observability.
𝑥 =
[︁
𝑣𝑟𝑒𝑎𝑙,𝑎𝑟 𝑣
𝑟𝑒𝑎𝑙 𝑣𝑖𝑚𝑎𝑔,𝑎𝑟 𝑣
𝑖𝑚𝑎𝑔
]︁𝑇
(3.16)
𝑥 =
[︁
𝑣𝑟𝑒𝑎𝑙,𝑎𝑟 𝑖
𝑟𝑒𝑎𝑙 𝑣𝑖𝑚𝑎𝑔,𝑎𝑟 𝑖
𝑖𝑚𝑎𝑔
]︁𝑇
(3.17)
3.4 Impacts on the Jacobian Matrices
In the proposed approach, the angular reference is specified in a bus 𝑟 whose
voltages are perfectly balanced, allowing the reduction of the number of state variables.
The bus 𝑟 is the internal bus of the equivalent generator representing the system upstream
the substation. In order to maintain the system observability, the null injections on the
substation bus 𝑠 are included as new measurements. Equations 3.18, 3.19 and 3.20 show
the structure of the Jacobian matrices for the TSE, AMB-SE and BCB-SE, respectively,
considering the reduced set of state variables. The crosses represent the elements of the
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Jacobian matrices relating the zero injections on substation bus and the state variables
of the reference bus.
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
...
𝑝𝑎𝑠
𝑝𝑏𝑠
𝑝𝑐𝑠
𝑞𝑎𝑠
𝑞𝑏𝑠
𝑞𝑐𝑠
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
. . . . . . . . . . . .
× . . . × . . .
× . . . × . . .
× . . . × . . .
× . . . × . . .
× . . . × . . .
× . . . × . . .
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎣
𝜃𝑎𝑟
𝜃
𝑣𝑎𝑟
𝑣
⎤⎥⎥⎥⎥⎥⎥⎦ (3.18)
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
...
𝑖𝑟𝑒𝑎𝑙,𝑎𝑠
𝑖𝑟𝑒𝑎𝑙,𝑏𝑠
𝑖𝑟𝑒𝑎𝑙,𝑐𝑠
𝑖𝑖𝑚𝑎𝑔,𝑎𝑠
𝑖𝑖𝑚𝑎𝑔,𝑏𝑠
𝑖𝑖𝑚𝑎𝑔,𝑐𝑠
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
. . . . . . . . . . . .
× . . . × . . .
× . . . × . . .
× . . . × . . .
× . . . × . . .
× . . . × . . .
× . . . × . . .
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎣
𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
𝑣𝑟𝑒𝑎𝑙
𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
𝑣𝑖𝑚𝑎𝑔
⎤⎥⎥⎥⎥⎥⎥⎦ (3.19)
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
...
𝑖𝑟𝑒𝑎𝑙,𝑎𝑠
𝑖𝑟𝑒𝑎𝑙,𝑏𝑠
𝑖𝑟𝑒𝑎𝑙,𝑐𝑠
𝑖𝑖𝑚𝑎𝑔,𝑎𝑠
𝑖𝑖𝑚𝑎𝑔,𝑏𝑠
𝑖𝑖𝑚𝑎𝑔,𝑐𝑠
𝑣𝑟𝑒𝑎𝑙,𝜑𝑘
𝑣𝑖𝑚𝑎𝑔,𝜑𝑘
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
. . . . . . . . . . . .
. . . × . . . ×
. . . × . . . ×
. . . × . . . ×
. . . × . . . ×
. . . × . . . ×
. . . × . . . ×
× × × ×
× × × ×
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎣
𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
𝑖𝑟𝑒𝑎𝑙
𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
𝑖𝑖𝑚𝑎𝑔
⎤⎥⎥⎥⎥⎥⎥⎦ (3.20)
As proposed, only the state variables of the phase 𝑎 are included for the reference
bus. For the TSE and AMB-SE, only the injection measurements at the substation bus
are related to the state variables of the reference bus. For the BCB-SE, the injection
measurements at the substation bus as well as all voltage measurements will be related to
the state variables of the reference bus. This is because in BCB-SE voltage measurements
are written as voltage drops from reference bus.
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3.5 Case study
In this section, the same three-phase 34-bus distribution system used in Chapter
2 is adopted in order to assess the proposed approaches. The system topology is shown in
Figure 25 (IEEE, 2010). The impedance matrix of the branch connecting buses 0 to 1 is
obtained from substation single-phase and three-phase short circuit level. The substation
supplies a three-phase feeder in 24.9 kV through a 2.5 MVA transformer.
The measurement scenario assumed for this system is indicated in Figure 25,
which consists of a monitor at the substation level only. For all the other buses, pseudo-
measurements and virtual measurements were assigned. Pseudo-measurements are ob-
tained from historical data or load allocation methodologies, therefore it is expected
higher errors when compared to actual measurements. The errors adopted for each type
of measurement are indicated in Table 3. For virtual measurements, a variance of 10−8
was adopted. For each SE, the tests were performed under the following conditions: (a)
The reference angle is set at the high voltage substation bus (bus 1 of Figure 25), (b)
The reference angle is set at the internal bus of the generator representing the system
upstream the substation (bus 0 of Figure 25).
Figure 25 – IEEE-34 Bus Network with the angular reference for unbalanced feeders.
Table 3 – Metering plan and Accuracy for the measurements
Type of measurement Location Error
Voltage Measurement (𝑣) Bus 1 ±0.5%
Power Flow (𝑝, 𝑞) Branch 1-2 ±3%
Pseudo (𝑝, 𝑞) Load buses ±50%
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3.5.1 Results: Quality of estimated variables and convergence with true mea-
surements
The convergence features of the three SEs with the angular reference set at bus
1 and bus 0 are presented in Figure 26. The SEs were implemented using the LU factor-
ization of the Gain matrix and solution via NE. It can be observed that the convergence
of the TSE is the same, regardless where the angular reference is specified. For AMB-
SE, assuming a tolerance of 10−5, the convergence is reached in 7 iterations for reference
specified at the bus 1, while it takes 17 iterations if the reference is specified at the bus
0. For BCB-SE, assuming the same tolerance, the convergence is reached in 5 iterations
for reference at bus 1, while it takes 17 iterations for reference at the bus 0. The higher
number of iterations required for AMB-SE and BCB-SE is related to the mechanism used
to represent equivalent voltage measurements.
Although the AMB-SE and the BCB-SE present some increase in the number
of iterations when the reference angle is set at bus 0 (as recommended by the proposed
approach), it can be seen in Table 4 that the MAE for the estimated voltage angles and
magnitudes significantly improves (reduces) using the proposed approach. The results in
which the reference angle is set at bus 1 presented high errors. When the reference is
set at bus 0, the errors are fairly reduced. In all cases, the reduction of the errors in the
voltage angles is more significative. For the voltage magnitudes, there are also reductions
in the errors for all the estimators. For the AMB-SE and BCB-SE, the voltage angles and
magnitudes are calculated using the estimated state. As a consequence, the decreasing
observed in MAE for AMB-SE and BCB-SE are smaller that the ones observed for TSE.
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Figure 26 – Convergence analysis TSE (top) AMB-SE (middle) BCB-SE(bottom)
Table 4 – Errors in estimated 𝜃𝑘 and 𝑣𝑘 - no error in measurements
Method TSE AMB-SE BCB-SE
Bus 1 MAE 𝜃𝑘 (crad) 0.3110 0.3110 0.3110MAE 𝑣𝑘 (pu) 4.47× 10−5 4.48× 10−5 4.48× 10−5
Bus 0 MAE 𝜃𝑘 (crad) 7.59× 10
−8 3.20× 10−4 5.57× 10−4
MAE 𝑣𝑘 (pu) 7.82× 10−13 1.18× 10−6 1.18× 10−6
The errors in the estimated voltage angles and voltage magnitudes were also
shown per bus in Figures 27 and 28, respectively. According to Figure 27, the TSE,
AMB-SE and BCB-SE errors in the estimated angles presented a flat distribution around
0.3 crad for using the reference angle at bus 1, and around 0 for using the reference angle
at bus 0.
Figure 28 presents the errors in the estimated voltage magnitudes. In this case,
with the reference set at bus 1, the closer the buses are from the voltage magnitude
measurement, the smaller the error are. However, there is still a residual error for all the
buses, which are reduced when the angular reference is set at the bus 0.
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Figure 27 – MAE in estimated 𝜃𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)
- no error in measurements
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Figure 28 – MAE in estimated 𝑣𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)
- no error in measurements
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3.5.2 Results: Quality of estimates and statistical assessement considering
perturbation in the measurements
For the simulation with errors in the measurements, the Monte Carlo study was
performed with a convergence tolerance of 10−5 and total of 500 simulations. Table 5
summarizes the MAE of the estimated voltages and angles for the simulations performed.
When the angular reference is set at the bus 1, the errors in the estimated angles are
just under 0.3 crad in average. However, when the angular reference is set at bus 0 these
errors are smaller. For the errors in the estimated voltage magnitudes, there is a small
improvement using the reference at the bus 0. In this case, the benefits of the proposed
approach are masked by the errors in pseudo-measurements. Later, it will be presented an
additional case with the system observability assured by the use of actual measurements
in all the load buses, without using pseudo-measurements.
Table 5 – Errors in estimated 𝜃𝑘 and 𝑣𝑘 - Monte Carlo Analysis
Reference TSE AMB-SE BCB-SE
Bus 1 MAE 𝜃𝑘 (crad) 0.2956 0.2943 0.2916MAE 𝑣𝑘 (pu) 0.0018 0.0018 0.0018
Bus 0 MAE 𝜃𝑘 (crad) 0.2439 0.2536 0.2459MAE 𝑣𝑘 (pu) 0.0014 0.0015 0.0015
The view of MAE for estimated angles and voltage magnitudes are shown per
bus in Figures 29 and 30, respectively. In Figure 29, it can be seen that when the angular
reference is set at the bus 1 the errors are distributed around 0.3 crad, which is also the
average value previously presented in table 5. However, setting the angular reference at bus
0 these errors are reduced, mainly in buses close the substation, where the measurements
are available. These results show that the impacts of neglecting the unbalance of the
system are significative for the estimated angles, especially those closer to the angular
reference.
For the estimated voltage magnitudes the average errors are shown in Figure
30. These errors also indicate that when setting the angular reference considering the
unbalance of the system (i.e bus 0) the errors are reduced. Once again, the benefits of
setting the angular reference at bus 0 is significative for the estimated voltage magnitudes
closer to the angular reference.
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Figure 29 – MAE in estimated 𝜃𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)
- Monte Carlo simulation
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Figure 30 – MAE in estimated 𝑣𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)
- Monte Carlo simulation
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Table 6 – Number of iterations and statistical consistency for the Monte Carlo simulation.
Reference: Bus 1 Bus 0
TSE AMB-SE BCB-SE TSE AMB-SE BCB-SE
no. of iterations 4.14 7.0 4.94 4.11 9 9
∈ out of bounds (%) 4.4 98.6 98.0 4.8 6.5 5.5
Average ∈ 208 298 296 211 214 214
Consistent yes no no yes yes yes
The results of the statistical consistency assessment for the Monte Carlo analysis
are shown in Table 6. The number of iterations is an average based on the 500 simulations
performed. For each case, the consistency was assessed for a confidence level of 95%, and
both the out of bounds value and the average for ∈ were verified. The expected value for
∈ is 208 in the case that the angular reference is set at the bus 1, corresponding to the
number of state variables minus the number of constraints(6 × 35 - 6). For the reference
bus set at bus 0, this number is 212 (6 × 36 - 4). As it can be seen in the table, despite the
increase in the number of iterations, not only the errors are reduced but also all the SEs
become consistent if the reference is specified at bus 0, as proposed. Using the reference
at the bus 1 both AMB-SE and BCB-SE are not consistent, and the average ∈ is almost
the double of the expected. When adopting the reference angle at bus 0, the average ∈
approximates the number of state variables for all estimators in all cases. The plots of
Figure 31 also illustrate the consistency achieved with the proposed approach. As it can
be seen, for reference at bus 0, the consistency index is within the limits.
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Figure 31 – Consistency plot for TSE (top), AMB-SE (middle), and BCB-SE (bottom).
The errors in the estimated state were also analysed according to the angular
reference. In Chapter 2 it was verified that setting the angular reference at bus 1 produced
biased results(see normality check of Figure 18). For the reference angle set at bus 0, the
normality check results are shown Figure 32. As it can be seen, the plots for the SEs
demonstrate that the errors in the estimated state follow a normal distribution pattern
with zero mean (zero error at 0.5 probability), indicating that the errors of the estimated
state are unbiased.
Figure 32 – Normality Check plot for reference angle set at bus 0 - TSE (left), AMB-SE
(middle), and BCB-SE (right)
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The Figure 33 shows the distribution of the errors in the estimated angles for the
TSE. Similar results can be found for the AMB-SE and BCB-SE. It can be seen that using
the bus 1 as the reference bus causes the mean of the errors distributions to deviate from
zero for phases b and c. The higher are the load unbalance and the parameter asymmetry,
the higher is the deviation. On the other hand, when choosing the proposed scheme for
setting the angular reference the angle error mean value is equal to zero for all cases.
Figure 33 – Distribution of the errors in the estimated angles per phase - TSE
3.5.3 Results: System observable with actual measurements
An additional case was simulated substituting the pseudo-measurements in all
the load buses of the 34-bus system by actual active and reactive power measurements.
For these measurements, an accuracy o ±2% was assigned and a Monte Carlo study was
performed with 500 simulations and the errors in the estimated voltage magnitudes and
angles were analysed.
The overall results for the errors in the estimated angles and magnitudes of the
voltages are presented in Table 7. It can be seen a great reduction in the errors of the esti-
mated angles when the bus 0 is taken as angular reference. The errors per bus can be veri-
fied in Figures 34 and 35. These figures show that in the absence of pseudo-measurements
and with more accurate measurements the proposed approach for setting the angular
reference results in more accurate estimates in all buses of the system.
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Table 7 – Errors in estimated 𝜃𝑘 and 𝑣𝑘 for the fully observable system - Monte Carlo
Analysis
Reference TSE AMB-SE BCB-SE
Bus 1 MAE 𝜃𝑘 (crad) 0.2060 0.2049 0.2060MAE 𝑣𝑘 (pu) 0.0016 0.0016 0.0016
Bus 0 MAE 𝜃𝑘 (crad) 0.0725 0.0758 0.0763MAE 𝑣𝑘 (pu) 0.0011 0.0011 0.0011
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Figure 34 – MAE in estimated 𝜃𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)
- Monte Carlo simulation
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Figure 35 – MAE in estimated 𝑣𝑘: TSE (top), AMB-SE (middle), and BCB-SE (bottom)
- Monte Carlo simulation
3.6 Conclusions
Similar to power flows analysis, an angular reference is required in order to make
SEs solvable. Properly specifying this angular reference for three-phase state estimators is
poorly covered by literature. In general, the angular reference is set under the assumption
of balanced three-phase voltages at the substation. However, such an assumption disre-
gards the load unbalances and system asymmetries commonly observed in distribution
systems. The results in this chapter show that the assumption of balanced voltages at the
substation bus directly affects the statistical consistency and the estimates provided by
three-phase state estimators.
This chapter presented two approaches for specifying the angular reference in
three-phase distribution system SEs. These proposed approaches were applied for the three
SEs most commonly used in literature to estimate the state of distribution systems(TSE,
AMB-SE, and BCB-SE). A more efficient and robust version of the proposed general
approach, based on a reduced set of state variables, is also developed. This approach can be
applied for both balanced and unbalanced feeders. Despite some convergence performance
drawbacks for the AMB-SE and BCB-SE, the results show that the errors in the estimated
state are reduced when this proposed approach is considered. Nonetheless, the statistical
consistency of the AMB-SE and BCB-SE are also reached with the angular reference
specified as proposed.
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It was verified that the proper setting of the angular reference contributes not only
to reduce the errors but also to assure the estimated state consistency. Finally, the high
number of iterations required for AMB-SE and BCB-SE indicates that the mechanism
used to include voltage measurements in AMB-SE and BCB-SE (maintaining constant
Gain matrices) needs to be improved. Indeed, a solution for this issue was proposed for
AMB-SE in (ALMEIDA; OCHOA, 2016) and it will be done for BCB-SE in the next
chapter.
71
Chapter 4
An improved approach for the
Branch Current Based SE
This chapter presents an improved version for the BCB-SE (IBCSE), addressing
the convergence issues related to the equivalent voltage measurements and the coefficient
matrices sparsity. It starts with a brief introduction with the objective of contextualising
the reader. Following, the measurement model considered for the improved approach is
presented. The use of equivalent voltage magnitude measurements via phasor rotation is
proposed. In addition, the use of variable substitution with the blocked formulation is
presented as an alternative to the solution via normal equation. The IBCSE is assessed
through case studies using different distribution systems with different characteristics.
The conclusions are drawn in the end of the chapter.
4.1 Introduction
The Branch Current Based State Estimator (BCB-SE) is presented as a viable
alternative to the traditional approach (TSE)(BARAN; KELLEY, 1995; LIN et al., 2001;
TENG, 2002; PAU et al., 2013). In the previous chapters, the main aspects of the WLS
SEs were studied. In particular, the AMB-SE (LU et al., 1995; LIN; TENG, 1996a; LIN;
TENG, 1996b; HAUGHTON; HEYDT, 2013) and the BCB-SE (BARAN; KELLEY, 1995;
TENG, 2002; PAU et al., 2013) were introduced as methods that employ constant Ja-
cobian matrices. As a result, the coefficient matrices are factorized once and before the
iterative process. This reduces the cost of updating and factorizing the matrices at every
iteration.
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Despite the computational advantages, both the AMB-SE and the BCB-SE are
formulated via the use of equivalent current measurements (ECM) obtained iteratively
from the actual active and reactive power measurements, and the voltages of the system,
as presented in Chapter 2. The first developments of the BCB-SE ignored the voltage mea-
surements (BARAN; KELLEY, 1995). In the early developments, the concept of equiva-
lent voltage measurements (EVM) was proposed, consisting on calculating a pair of real
and imaginary components out of the voltage magnitude measurement (LU et al., 1995).
This concept was then adopted in BCB-SE, however, the metering plan did not include
any voltage magnitude measurement other than the one at the substation level (LU et al.,
1995; LIN; TENG, 1996a). Later on, the EVM were adopted by the BCB-SE incorporating
voltage magnitude measurements along the distribution system (TENG, 2002). As it was
presented in Chapters 2 and 3, the SE may fail to converge when using EVM as proposed
in the literature. In addition to that, creating a pair of measurements (real and imagi-
nary parts of complex voltages) out of a magnitude measurement artificially improves the
observability of the system (MONTICELLI, 1999; ABUR; GOMEZ-EXPOSITO, 2004).
With the advance of the Smart Meters, as well as applications requiring remote
monitoring of the voltages at different locations of the distribution network, the state
estimation approaches must be able to accommodate the actual measurements properly.
It means using voltage magnitude measurements in locations far from the substation,
without the risk of incurring in convergence problems. In this context, significant im-
provements were achieved for the AMB-SE in recent works (ALMEIDA; OCHOA, 2016;
ALMEIDA et al., 2015). For the BCB-SE, the recent literature also addresses the use
of voltage magnitude measurement through the use of the quadratic non-linear equation
for voltage magnitudes (PAU et al., 2013). However, the elements of the Jacobian matrix
referring to the voltage magnitude measurements must be updated within the iterative
process, compromising one of the main advantages of the BCB-SE.
For the major of typical DS, primary feeders are three-phase. However, some
laterals can be three-phase, two-phase or single-phase lines. The lines are usually short and
untransposed, and the contribution of the magnetic coupling between the phases in lines
is significative (KERSTING, 2002). Loads can be three-phase, two-phase or single-phase
depending on the type of customer considered (residential or commercial). Therefore, the
three-phase representation of the feeder is desirable for the proper implementation of the
SE (BARAN, 2001).
Considering that, the main contribution of this chapter is the development of
an improved BCB-SE (IBCSE) using the concept of angular reference setting from the
previous chapter, as well as the knowledge acquired from the recent works with the AMB-
SE (ALMEIDA; OCHOA, 2016). Moreover, the sparsity issues related to the voltage
measurements are also addressed. Therefore, the main contributions in this chapter are
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as the following:
∙ Propose the phasor voltage rotation method, as in (ALMEIDA; OCHOA, 2016), in
order to use voltage magnitude measurements in the BCB-SE. This must consider
the reference angle for unbalanced systems as presented in Chapter 3;
∙ Include the treatment of phasor measurements, such as the ones provided by a
𝜇PMU;
∙ Develop a simplified mathematical formulation of the elements of the Jacobian ma-
trix considering the tap of the voltage regulator and transformers. This approach
considers only the Yg-Yg connected transformers;
∙ Propose an algorithm based on the variables substitution concept in order to reduce
the state vector and cater for equality constraints in the BCB-SE;
∙ Cater for the loss of sparsity of the coefficient matrices when voltage measurements
are used, through combining the variables substitution concept with blocked formu-
lation solution.
The improvements listed resulted in an SE which is tailored for distribution sys-
tems with both radial and meshed topologies. The new approach is computationally effi-
cient, robust and of simple implementation. Moreover, the aspects concerning the voltage
magnitude measurements variances and the elements in the Jacobian matrix are also
discussed.
To clarify the exposed, the block diagram of the proposed IBCSE is shown in
Figure 36. In this figure, we can notice a modification from the block diagram presented
for the BCB-SE in Chapter 2. The actual measurements of active and reactive power flow
and injections are converted into equivalent measurements as already discussed. However,
the voltage magnitude measurements are converted into equivalent voltages via phasor
rotation (ALMEIDA; OCHOA, 2016). In addition, the voltage and current phasor mea-
surements obtained via 𝜇PMUs are also considered. It is important to highlight that the
variances of the actual and converted measurements must be properly set in each case,
and this aspect is also discussed in this chapter.
4.2 Measurement model for the IBCSE
The state vector for the IBCSE is indicated in Equation 4.1, in which the state
variables are the real and imaginary parts of the complex branch currents of the feeder,
including the branch from the reference bus 𝑟 to the the substation bus 𝑠. Note that the
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Figure 36 – Proposed IBCSE block diagram.
voltage on the reference bus is represented only for the phase 𝑎, once that the reduced
state vector is being adopted.
𝑥 =
[︁
𝑣𝑟𝑒𝑎𝑙,𝑎𝑟 𝑖
𝑟𝑒𝑎𝑙 𝑣𝑖𝑚𝑎𝑔,𝑎𝑟 𝑖
𝑖𝑚𝑎𝑔
]︁𝑇
(4.1)
Regarding the measurements considered for the IBCSE, the following are consid-
ered:
∙ Equivalent current measurements(ECM), calculated from actual active and reactive
power measurements as presented in Chapter 2;
∙ Phasor measurements, considering the upcoming 𝜇PMU technology;
∙ Equivalent voltage measurements (EVM) via phasor rotation, as proposed in (ALMEIDA;
OCHOA, 2016).
Except for the 𝜇PMU phasor measurements, the ECM and the EVM via phasor
rotation must be updated each iteration. As a result, the measurement model in Equa-
tion 4.2 can be written, where 𝑧(𝑥) is the vector of measurements, 𝑥 is the state vector
presented in Equation 4.1, and 𝜀 corresponds to the measurement errors. The Jacobian
matrix 𝐻 is constant in this case.
𝑧(𝑥) = 𝐻𝑥+ 𝜀 (4.2)
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4.2.1 Treatment of the active and reactive power measurements and their
respective variances
Although the BCB-SE measurement model considers measurements of complex
currents and voltages in the rectangular form, the actual measurements are not avail-
able in this format. Instead, active and reactive power measurements, as well as voltage
magnitude measurements are usually available (ABDEL-MAJEED et al., 2013).
These measurements must be converted into ECM and the variances must also be
obtained accordingly. For the IBCSE, the same mechanism is used to convert the active
and reactive power measurements into ECM. These measurements must be updated each
iteration.
4.2.2 Treatment of measurements from 𝜇PMUs and their respective variances
Complex voltage and current measurements can be obtained from the micro-
Synchrophasors (𝜇PMUs) (PAU et al., 2013; CHEN et al., 2015). When phasor mea-
surements are available, both the magnitudes (𝑣𝜓𝑘 and 𝑖
𝜓
𝑘𝑚) and angles (𝜃
𝜓
𝑘 and 𝜑
𝜓
𝑘𝑚) are
provided in the polar form (CASTELLO et al., 2012; PAU et al., 2013; MUSCAS et al.,
2016; ZANNI et al., 2015; SCHENATO et al., 2014) . In the IBCSE, these measurements
can be incorporated by converting the phasors from polar to rectangular form, as shown
in Equation 4.3.
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑚𝑒𝑎
𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝑚𝑒𝑎
𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝑚𝑒𝑎
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
𝑚𝑒𝑎
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
𝑣𝜓𝑘
𝑚𝑒𝑎
𝑐𝑜𝑠(𝜃𝜓𝑘
𝑚𝑒𝑎)
𝑣𝜓𝑘
𝑚𝑒𝑎
𝑠𝑖𝑛(𝜃𝜓𝑘
𝑚𝑒𝑎)
𝑖𝜓𝑘𝑚
𝑚𝑒𝑎
𝑐𝑜𝑠(𝜑𝜓𝑘𝑚
𝑚𝑒𝑎)
𝑖𝜓𝑘𝑚
𝑚𝑒𝑎
𝑠𝑖𝑛(𝜑𝜓𝑘𝑚
𝑚𝑒𝑎)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.3)
The variances and covariances of the real and imaginary parts of the measure-
ments can be calculated considering the error propagation theory. Equation 4.4 demon-
strates the calculation of the variances and covariances for the real and imaginary parts
of the complex voltage measured at the bus 𝑘, using the variances of the voltage magni-
tudes and angles (MONTICELLI, 1999). The index 𝑚𝑒𝑎 is omitted in the equation for
simplicity. Similarly, the variances and covariances of the complex current measurements
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can be obtained.
⎡⎢⎣ 𝜎2𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 𝜎𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 ,𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜎𝑣𝑟𝑒𝑎𝑙,𝜓
𝑘
,𝑣𝑖𝑚𝑎𝑔,𝜓
𝑘
𝜎2
𝑣𝑖𝑚𝑎𝑔,𝜓
𝑘
⎤⎥⎦ =
⎡⎢⎣ 𝑐𝑜𝑠(𝜃𝜓𝑘 )2𝜎2𝑣𝜓𝑘 + (𝑣𝜓𝑘 )2𝑠𝑖𝑛(𝜓𝑘 )2𝜎2𝜃𝜓𝑘 𝑠𝑖𝑛(𝜃𝜓𝑘 )𝑐𝑜𝑠(𝜃𝜓𝑘 )(𝜎2𝑣𝜓𝑘 + (𝑣𝜓𝑘 )2𝜎2𝜃𝜓𝑘 )
𝑠𝑖𝑛(𝜃𝜓𝑘 )𝑐𝑜𝑠(𝜃
𝜓
𝑘 )(𝜎2𝑣𝜓
𝑘
+ (𝑣𝜓𝑘 )2𝜎2𝜃𝜓
𝑘
) 𝑠𝑖𝑛(𝜃𝜓𝑘 )2𝜎2𝑣𝜓
𝑘
+ (𝑣𝜓𝑘 )2𝑐𝑜𝑠(𝜃
𝜓
𝑘 )2𝜎2𝜃𝜓
𝑘
⎤⎥⎦
(4.4)
When using the phasor measurements mixed with conventional measurements,
the measurement model can be described as in Equation 4.2. In this equation, 𝑧(𝑥) includes
not only the phasor measurements but also the equivalent measurements that must be
updated each iteration.
On the contrary, if the observability of the system is assured using only phasor
measurements, the measurement model can be described as in Equation 4.5. Note that
both the measurement vector and the Jacobian matrix are constant. Therefore, the esti-
mated state ?^? is obtained directly from NE according to Equation 4.6. In this case, there
is no need for an iterative process.
𝑧 = 𝐻𝑥+ 𝜀 (4.5)
𝐻𝑇𝑅−1𝑧 𝐻?^? = 𝐻𝑇𝑅−1𝑧 𝑧 (4.6)
4.2.3 Treatment of voltage magnitude measurements and their respective
variances
In Chapter 2, the EVM was introduced. This methodology presented some draw-
backs in terms of convergence when the voltage magnitude measurement is located distant
from the substation. Therefore, to keep the coefficient matrices constant during the it-
erative process, this work proposes an alternative for including the voltage magnitude
measurements into the IBCSE model. For that, the equivalent voltage measurements are
calculated as presented in Chapter 2, and the obtained phasors are rotated according to
an angle which is previously set (ALMEIDA; OCHOA, 2016). In the next section, the
details of this method will be discussed.
4.2.3.1 Procedure for calculating the EVM via phasor rotation
In the BCB-SE, as proposed in the literature, Equation 4.7 is usually adopted to
convert voltage magnitude measurements into equivalent complex voltage measurements.
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However, given that a magnitude measurement is converted into a pair of equivalent mea-
surements (real and imaginary parts of the equivalent complex voltage), the observability
of the system and the redundancy of the measurements set are artificially improved.
𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑒𝑞𝑢 + 𝑗𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝑒𝑞𝑢 = 𝑣𝜓𝑘
𝑚𝑒𝑎
⎛⎝ 𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 𝑐𝑎𝑙 + 𝑗𝑣𝑖𝑚𝑎𝑔,𝜓𝑘 𝑐𝑎𝑙√︁
(𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑐𝑎𝑙)2 + (𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑐𝑎𝑙)2
⎞⎠ (4.7)
In (ALMEIDA et al., 2015), the voltage convergence problem using the EVM
was first identified for the AMB-SE using the single-phase model. It was observed that
convergence was affected when voltage measurements are located far from the substation
and voltage angles deviate from zero. In order to solve these problems, it was proposed to
consider only the real part of the complex equivalent voltage measurements. Considering
that the voltage angles are close to zero, the real component expresses a value which is
close enough to the voltage magnitude value.
In (ALMEIDA; OCHOA, 2016) the idea was extended for the three-phase AMB-
SE using the EVM with phasor rotation. The principle is described as the following:
∙ First, the equivalent voltages 𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑒𝑞𝑢 and 𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝑒𝑞𝑢for each phase 𝜓 of bus 𝑘 are
calculated according to Equation 4.7;
∙ Second, the equivalent voltages are rotated by an angle 𝜑𝜓𝑘
𝑟𝑜𝑡 that brings them close
to the real positive axis of the complex plane, according to Equation 4.8. Note that
only the real part of the rotated voltage is used as EVM. This idea is ilustrated in
Figure 37, for the phase 𝑐;
∙ The real component of the complex rotated voltage is extracted, obtaining 𝑣𝜓𝑘
𝑟𝑜𝑡, as
in Equation 4.8 (ALMEIDA; OCHOA, 2016).
𝑣𝜓𝑘
𝑟𝑜𝑡 = ℜ
{︂
(𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑒𝑞𝑢 + 𝑗𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝑒𝑞𝑢)𝑒−𝑗𝜑
𝜓
𝑘
𝑟𝑜𝑡
}︂
(4.8)
The choice of the rotation angle 𝜑𝜓𝑘
𝑟𝑜𝑡 is made in order to approximate the volt-
ages to the real positive axis of the complex plane. As a usual practice, the value of
the rotation angle corresponds to that adopted for the voltages at the SE initialization
(which caters for any angular displacement resulting from three-phase transformer con-
nections) (ALMEIDA; OCHOA, 2016), therefore, the rotation angle is constant. These
EVM obtained via phasor rotation may be used in the IBCSE provided that the proper
adaptations are made. Differently from the usual EVM, Equation 4.8 guarantees that
the observability of the system and the redundancy of the measurements are maintained,
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Figure 37 – Equivalent voltage measurements via phasor rotation: Usual three-phase volt-
ages (left) and phasor of phase 𝑐 rotated towards the horizontal axis (right).
and as a result of the proposed technique, the convergence features of the IBCSE will be
significantly improved.
Considering the error propagation theory and given the variance of a voltage
measurement, the variance for the equivalent voltage measurement via phasor rotation,
for any phase, is calculated using Equation 4.9, where 𝜃𝜓𝑘
𝑐𝑎𝑙 is the angle of the complex
voltage (for a given phase) regarding the bus 𝑘 calculated from a power flow or from the
previous estimation (ALMEIDA; OCHOA, 2016).
𝜎2
𝑣𝜓
𝑘
𝑟𝑜𝑡 = (𝑐𝑜𝑠(𝜃𝜓𝑘
𝑐𝑎𝑙)𝑐𝑜𝑠(𝜑𝜓𝑘
𝑟𝑜𝑡) + 𝑠𝑖𝑛(𝜃𝜓𝑘
𝑐𝑎𝑙)𝑠𝑖𝑛(𝜑𝜓𝑘
𝑟𝑜𝑡))𝜎2
𝑣𝜓
𝑘
𝑚𝑒𝑎 (4.9)
It is important pointing out that as the variances for all equivalent measurements
are obtained from the last estimated state, these variances and consequently the weighting
matrix will be constant.
4.3 Measurement equations
The formulation of the equations for current injection, current flows and bus
voltages can be written in a general form. For that, the indices 𝑗,𝑘,𝑙, and 𝑚 are adopted
as bus indices in the equations.
4.3.1 Current equations
Figure 38 shows a unified branch model, with tap equal to 𝑡𝑘𝑚. For distribution
lines, these taps are made equal to 1. Phase-shifting transformers are not considered in
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this model (MONTICELLI, 1999). The shunt susceptances are neglected in this model
for distribution systems.
Figure 38 – Unified branch model - for line 𝑡𝑘𝑚 = 1; for transformer 𝑡𝑘𝑚 ̸= 1 and 𝑡𝑘𝑚 ̸= 0
The relation between the branch currents ?⃗?𝑘𝑚 and ?⃗?𝑚𝑘 is given as in Equation
4.10.
⎡⎣ 𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
⎤⎦ = −𝑡𝑘𝑚
⎡⎣ 𝑖𝑟𝑒𝑎𝑙,𝜓𝑚𝑘
𝑖𝑖𝑚𝑎𝑔,𝜓𝑚𝑘
⎤⎦ (4.10)
It is possible to apply the Kirchhoff’s Current Law (KCL) for any bus of a system
and describe the current injection at this bus as a summation of the currents flowing
through the adjacent branches. The equations representing the KCL can be written in
terms of the real and imaginary parts of the complex currents as shown in Equation 4.11,
where 𝐾 represents the set of buses that are directly connected to the bus 𝑘, and 𝑡𝑘𝑚
corresponds to the tap of the branch connecting bus 𝑘 to the bus 𝑚.
⎡⎣ 𝑖𝑟𝑒𝑎𝑙,𝜓𝑘
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘
⎤⎦ = ∑︁
𝑚∈𝐾
⎡⎣ 𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
⎤⎦ = − ∑︁
𝑚∈𝐾
𝑡𝑘𝑚
⎡⎣ 𝑖𝑟𝑒𝑎𝑙,𝜓𝑚𝑘
𝑖𝑖𝑚𝑎𝑔,𝜓𝑚𝑘
⎤⎦ (4.11)
4.3.2 Complex voltage equations
Equation 4.12 indicates how to calculate the voltage at a bus 𝑘 of the system
using the currents flowing through the lines. Each element of the impedance matrix cor-
responding to buses 𝑙 and 𝑗, and phases 𝜓 and 𝜌, can be represented in the rectangular
complex form by 𝑍𝜓,𝜌𝑙𝑗 = 𝑅
𝜓,𝜌
𝑙𝑗 + 𝑗𝑋
𝜓,𝜌
𝑙𝑗 . The set of branches described by Ω𝑟𝑘 contain the
branches in the path from the reference bus 𝑟 to the bus 𝑘. Similarly, Ω𝑙𝑘 contain the
branches in the path from the bus 𝑙 to the bus 𝑘. In the equation, 𝑡ℓ and 𝑡ℓ correspond to
the taps of the unified branch model.
⎡⎢⎢⎢⎣
?⃗?𝑎𝑘
?⃗?𝑏𝑘
?⃗?𝑐𝑘
⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
?⃗?𝑎𝑟
?⃗?𝑏𝑟
?⃗?𝑐𝑟
⎤⎥⎥⎥⎦ ∏︁
ℓ∈Ω𝑟𝑘
𝑡ℓ −
∑︁
𝑙𝑗∈Ω𝑟𝑘
𝑡−1𝑙𝑗
⎡⎢⎢⎢⎣
𝑍𝑎𝑎𝑙𝑗 𝑍
𝑎𝑏
𝑙𝑗 𝑍
𝑎𝑐
𝑙𝑗
𝑍𝑏𝑎𝑙𝑗 𝑍
𝑏𝑏
𝑙𝑗 𝑍
𝑏𝑐
𝑙𝑗
𝑍𝑐𝑎𝑙𝑗 𝑍
𝑐𝑏
𝑙𝑗 𝑍
𝑐𝑐
𝑙𝑗
⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
?⃗?𝑎𝑙𝑗
?⃗?𝑏𝑙𝑗
?⃗?𝑐𝑙𝑗
⎤⎥⎥⎥⎦ ∏︁
ℓ∈Ω𝑗𝑘
𝑡ℓ (4.12)
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The complex voltages and currents for any phase 𝜓 are represented by ?⃗?𝜓𝑘 =
𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 + 𝑗𝑣
𝑖𝑚𝑎𝑔,𝜓
𝑘 and ?⃗?
𝜓
𝑙𝑗 = 𝑖
𝑟𝑒𝑎𝑙,𝜓
𝑙𝑗 + 𝑗𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑙𝑗 , respectively. From Equation 4.12, the general
equations for the real and imaginary parts of the bus voltages are obtained as in Equation
4.13.
𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 = 𝑣𝑟𝑒𝑎𝑙,𝜓𝑟
∏︁
ℓ∈Ω𝑟𝑘
𝑡ℓ −
∑︁
𝑙𝑗∈Ω𝑟𝑘
𝑡−1𝑙𝑗
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑅𝜓𝜌𝑙𝑗 𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 −𝑋𝜓𝜌𝑙𝑗 𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗 )
∏︁
ℓ∈Ω𝑗𝑘
𝑡ℓ
𝑣𝑖𝑚𝑎𝑔,𝜓𝑘 = 𝑣𝑖𝑚𝑎𝑔,𝜓𝑟
∏︁
ℓ∈Ω𝑟𝑘
𝑡ℓ −
∑︁
𝑙𝑗∈Ω𝑟𝑘
𝑡−1𝑙𝑗
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑋𝜓𝜌𝑙𝑗 𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 +𝑅
𝜓𝜌
𝑙𝑗 𝑖
𝑖𝑚𝑎𝑔,𝜌
𝑙𝑗 )
∏︁
ℓ∈Ω𝑗𝑘
𝑡ℓ
(4.13)
where:⎡⎣ 𝑣𝑟𝑒𝑎𝑙,𝜓𝑟
𝑣𝑖𝑚𝑎𝑔,𝜓𝑟
⎤⎦ =
⎡⎣ 𝑐𝑜𝑠(𝜃𝜓𝑎𝑟 ) −𝑠𝑖𝑛(𝜃𝜓𝑎𝑟 )
𝑠𝑖𝑛(𝜃𝜓𝑎𝑟 ) 𝑐𝑜𝑠(𝜃𝜓𝑎𝑟 )
⎤⎦⎡⎣ 𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
⎤⎦
𝜃𝜓𝑎𝑟 = 𝜃𝜓𝑟 − 𝜃𝑎𝑟 for 𝜓 = 𝑎, 𝑏 or 𝑐.
4.3.3 Equation for the equivalent voltage measurement via phasor rotation
The measurement equation for the EVM with phasor rotation defined in Equation
4.8 can be developed in terms of the real and imaginary parts of the complex voltage, as
presented in Equation 4.14.
Both 𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 and 𝑣
𝑖𝑚𝑎𝑔,𝜓
𝑘 can be substituted in Equation 4.14 by the expressions
from Equation 4.13. The resulting equation of the 𝑣𝜓𝑘
𝑟𝑜𝑡 is written in Equation 4.15. In
this equation 𝑣𝜓𝑘
𝑟𝑜𝑡 is linearly related to the state variables.
𝑣𝜓𝑘
𝑟𝑜𝑡 = 𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 𝑐𝑜𝑠(𝜑
𝜓
𝑘
𝑟𝑜𝑡)− 𝑣𝑖𝑚𝑎𝑔,𝜓𝑘 𝑠𝑖𝑛(𝜑𝜓𝑘
𝑟𝑜𝑡) (4.14)
𝑣𝜓𝑘
𝑟𝑜𝑡 =
⎛⎜⎝𝑣𝑟𝑒𝑎𝑙,𝜓𝑟 ∏︁
ℓ∈Ω𝑟𝑘
𝑡ℓ −
∑︁
𝑙𝑗∈Ω𝑟𝑘
𝑡−1𝑙𝑗
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑅𝜓𝜌𝑙𝑗 𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 −𝑋𝜓𝜌𝑙𝑗 𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗 )
∏︁
ℓ∈Ω𝑗𝑘
𝑡ℓ
⎞⎟⎠ 𝑐𝑜𝑠(𝜑𝜓𝑘 𝑟𝑜𝑡)
+
⎛⎜⎝𝑣𝑖𝑚𝑎𝑔,𝜓𝑟 ∏︁
ℓ∈Ω𝑟𝑘
𝑡ℓ −
∑︁
𝑙𝑗∈Ω𝑟𝑘
𝑡−1𝑙𝑗
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑋𝜓𝜌𝑙𝑗 𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 +𝑅
𝜓𝜌
𝑙𝑗 𝑖
𝑖𝑚𝑎𝑔,𝜌
𝑙𝑗 )
∏︁
ℓ∈Ω𝑗𝑘
𝑡ℓ
⎞⎟⎠ 𝑠𝑖𝑛(𝜑𝜓𝑘 𝑟𝑜𝑡)
(4.15)
where:⎡⎣ 𝑣𝑟𝑒𝑎𝑙,𝜓𝑟
𝑣𝑖𝑚𝑎𝑔,𝜓𝑟
⎤⎦ =
⎡⎣ 𝑐𝑜𝑠(𝜃𝜓𝑎𝑟 ) −𝑠𝑖𝑛(𝜃𝜓𝑎𝑟 )
𝑠𝑖𝑛(𝜃𝜓𝑎𝑟 ) 𝑐𝑜𝑠(𝜃𝜓𝑎𝑟 )
⎤⎦⎡⎣ 𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
⎤⎦
𝜃𝜓𝑎𝑟 = 𝜃𝜓𝑟 − 𝜃𝑎𝑟 for 𝜓 = 𝑎, 𝑏 or 𝑐.
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4.4 Elements of the Jacobian matrix
The measurement model of the IBCSE takes into account the real and imaginary
parts of current injections and flows, as well as real and imaginary components of the
bus voltages. The structure of the Jacobian matrix is shown in Equation 4.16, where
the derivatives are obtained considering the Equations 4.10, 4.11, 4.13, and 4.15. The
measurements 𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 and 𝑣
𝑖𝑚𝑎𝑔,𝜓
𝑘 are obtained from 𝜇PMUs, while 𝑣
𝜓
𝑘
𝑟𝑜𝑡 is obtained from
voltage magnitude measurements.
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
𝑖𝑟𝑒𝑎𝑙,𝜓𝑘
𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝑣𝜓𝑘
𝑟𝑜𝑡
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 𝜕𝑖
𝑟𝑒𝑎𝑙,𝜓
𝑘
𝜕𝑖𝑟𝑒𝑎𝑙
0 0
0 𝜕𝑖
𝑟𝑒𝑎𝑙,𝜓
𝑘𝑚
𝜕𝑖𝑟𝑒𝑎𝑙
0 0
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓
𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓
𝑘
𝜕𝑖𝑟𝑒𝑎𝑙
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓
𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓
𝑘
𝜕𝑖𝑖𝑚𝑎𝑔
0 0 0 𝜕𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑘
𝜕𝑖𝑖𝑚𝑎𝑔
0 0 0 𝜕𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑘𝑚
𝜕𝑖𝑖𝑚𝑎𝑔
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓
𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓
𝑘
𝜕𝑖𝑟𝑒𝑎𝑙
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓
𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓
𝑘
𝜕𝑖𝑖𝑚𝑎𝑔
𝜕𝑣𝜓
𝑘
𝑟𝑜𝑡
𝜕𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
𝜕𝑣𝜓
𝑘
𝑟𝑜𝑡
𝜕𝑖𝑟𝑒𝑎𝑙
𝜕𝑣𝜓
𝑘
𝑟𝑜𝑡
𝜕𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
𝜕𝑣𝜓
𝑘
𝑟𝑜𝑡
𝜕𝑖𝑖𝑚𝑎𝑔
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
𝑖𝑟𝑒𝑎𝑙
𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
𝑖𝑖𝑚𝑎𝑔
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.16)
The derivatives shown in Equation 4.16 are presented in Appendix C. It can be
noticed that these derivatives are constant values.
4.5 IBCSE solution algorithm
The state vector can be directly calculated using the NE indicated in Equation
4.17. In the left-hand side of this equation, the Gain Matrix is given by 𝐻𝑇𝑅−1𝑧 𝐻 which
is constant, and the factorization can be performed just once. At the right-hand side of
the equation, the Jacobian Matrix is also constant. However, the iterative process is still
necessary because the equivalent measurements (ECM and EVM with phasor rotation)
must be updated in each iteration.
(𝐻𝑇𝑅−1𝑧 𝐻)𝑥𝜈+1 = 𝐻𝑇𝑅−1𝑧 𝑧(𝑥𝜈) (4.17)
The solution of the IBCSE is obtained by following the steps:
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1. Start the iteration counter 𝜈 = 0;
2. Solve the NE as in Equation 4.17 to obtain 𝑥𝜈+1;
3. Update the voltages using the estimated currents;
4. Check if 𝑚𝑎𝑥(|𝑥𝜈+1 − 𝑥𝜈 |) < 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒. If convergence is reached, stop. Otherwise,
𝜈 = 𝜈 + 1 and go back to step 2.
4.6 Alternatives to the Normal Equation for the IBCSE solution
When solving the SE problem using the NE, the rows and columns of the Gain
Matrix are permuted before the decomposition so that the sparsity of the matrix can
be preserved. After that, the factorization of the Gain matrix is performed, followed
by forward and backward substitutions on the right-hand side vector of the NE(ABUR;
GOMEZ-EXPOSITO, 2004; MONTICELLI, 1999; ALMEIDA, 2007).
The sparsity of the Gain matrix can be derived from the Jacobian matrix (ABUR;
GOMEZ-EXPOSITO, 2004). In the TSE and AMB-SE, the injection measurements are
the main responsible for making the Gain Matrix to become less sparse. In the IBCSE
the presence of voltage measurements far from the substation is the main responsible for
reducing the sparsity of the Jacobian matrix, directly affecting the sparsity of the Gain
matrix.
In distribution systems, it is common to find some buses for which the load is
zero. These zero injections are perfect information and, therefore, they must be associated
with very high weights when solving the SE via NE. These measurements are also known
as virtual measurements. Despite the simple approach for considering the virtual mea-
surements, the use of high weighting factors may worsen the conditioning of the coefficient
matrices(ABUR; GOMEZ-EXPOSITO, 2004; MONTICELLI, 1999; ALMEIDA, 2007).
Traditionally, the primary distribution system present radial topology with many
feeders and laterals. However, there are also partially meshed distribution systems (KER-
STING, 2002; PITTSBURGH, 1964; GONEN, 2007; SHORT, 2004; J.NORTHCOTE-
GREEN; R.G.WILSON, 2007). Whenever these meshed parts or loops are found in dis-
tribution systems, the equation obtained applying the KVL to these loops must be in-
cluded in IBCSE as equality constraint or associated with very high weights when solving
the SE via NE (BARAN; KELLEY, 1995; LIN et al., 2001). Therefore, similar to virtual
measurements, the constraints associated with the loops can worsen the conditioning of
the coefficient matrices.
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Following, some alternatives to treat equality constraints in IBCSE are presented.
In special, an alternative method using the concept of substitution of variables and blocked
formulation is proposed.
4.6.1 Conventional Tableau formulation Methods
The use of very high weights required for modeling perfect measurements (associ-
ated to meshed topologies and zero injections) can lead to ill-conditioning of the coefficient
matrices if they are associated with very high weighting factors. To avoid the use of high
weights, these measurements can be modeled as explicit constraints in the WLS estimation
(ABUR; GOMEZ-EXPOSITO, 2004). The methodologies based on Tableau formulation
are widely accepted. Some of these methodologies will be presented in the sequence.
4.6.1.1 Equality-Constrained WLS State Estimation
If not only the loop equations but also the null current injections are considered
as equality constraints, the IBCSE becomes a constrained WLS SE, formulated as in
Equation 4.18. where 𝑐𝑙𝑜𝑜𝑝(𝑥) = 0 represents the loop constraints and 𝑐0(𝑥) = 0 are the
null-injection contraints. Therefore, 𝑐(𝑥) = 0 represents the complete constraints.
min: 𝐽(𝑥) = (𝑧(𝑥)−𝐻𝑥)𝑇𝑅−1𝑧 (𝑧(𝑥)−𝐻𝑥)
s.t. 𝑐(𝑥) =
⎡⎣ 𝑐𝑙𝑜𝑜𝑝(𝑥)
𝑐0(𝑥)
⎤⎦ = 0 (4.18)
The Lagrangian method is used to solve the problem, using the Lagrangian in
Equation 4.19, where 𝜆 is the vector of Lagrangian multipliers
ℒ = 𝐽(𝑥)− 𝜆𝑇 𝑐(𝑥) (4.19)
The equation 4.19 is differentiated to obtain the first-order conditions and then
it is solved using the Gauss-Newton method (ABUR; GOMEZ-EXPOSITO, 2004; MON-
TICELLI, 1999), obtaining the Tableau formulation of Equation 4.20, where 𝐶 = 𝜕𝑐(𝑥)
𝜕𝑥
.
In this case, the high weights required to represent perfect measurements (associated to
meshed topologies and zero injections) are not included in the weighting matrix.
⎡⎣ 𝐻𝑇𝑅−1𝑧 𝐻 𝐶𝑇
𝐶 0
⎤⎦⎡⎣ Δ𝑥
𝜆
⎤⎦ =
⎡⎣ 𝐻𝑅−1𝑧 (𝑧(𝑥)−𝐻𝑥)
−𝑐(𝑥)
⎤⎦ (4.20)
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Although the perfect measurements are included in the matrix 𝐶, the Gain matrix
is still present in the Tableau. Therefore, using this approach for the BCB-SE with voltage
measurements does not solve the sparsity issue.
4.6.1.2 Augmented Matrix Approach - Hachtel’s Tableau
The IBCSE can be formulated writing the regular measurement equations as
equality constraints, associating residuals 𝑟 as explicit variables as indicated in Equation
4.21 (ABUR; GOMEZ-EXPOSITO, 2004; MONTICELLI, 1999; ALMEIDA, 2007).
min: 𝐽(𝑥) = (𝑧(𝑥)−𝐻𝑥)𝑇𝑅−1𝑧 (𝑧(𝑥)−𝐻𝑥)
s.t. 𝑐(𝑥) =
⎡⎣ 𝑐𝑙𝑜𝑜𝑝(𝑥)
𝑐0(𝑥)
⎤⎦ = 0
𝑟 − 𝑧(𝑥) +𝐻𝑥 = 0
(4.21)
A new set of Lagrangian multipliers (𝛾) must be included and written as indicated
in Equation 4.22.
ℒ = 𝐽(𝑥)− 𝜆𝑇 𝑐(𝑥)− 𝛾𝑇 (𝑟 − 𝑧(𝑥)−𝐻𝑥) (4.22)
The first-order conditions of Equation 4.22 are obtained and linearized using the
Gauss-Newton method. As a result, the matricial equation presented in 4.23 is obtained.
This equation is solved to obtain the state variables mismatches and update the state
vector. The coefficient matrix in Equation 4.23 is called the Hachtel’s Tableau.
⎡⎢⎢⎢⎣
𝑅𝑧 𝐻 0
𝐻𝑇 0 𝐶𝑇
0 𝐶 0
⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝛾
Δ𝑥
𝜆
⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
Δ𝑧
0
−𝑐(𝑥)
⎤⎥⎥⎥⎦ (4.23)
4.6.2 An alternative method using variables substitution with blocked formu-
lation (VSBF)
In order to deal with null injections, the VSBF proposes to eliminate the variables
associated with them. This concept is similar to the proposed in (ALMEIDA; OCHOA,
2016).
The approach proposed in this section starts applying Kirchhoff Current Law
(KCL) to the zero injection buses. Thus, a subset of the state variables is written as a
function of the remaining state variables. This subset is then eliminated from the state
estimation problem resulting in a reduced SE problem.
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As stated before, if voltage measurements are included in the BCB-SE, the spar-
sity of the Gain matrix can be drastically reduced, depending on the location of the voltage
measurement. In order to cater for the maintenance of the sparsity of the coefficient matri-
ces, while solving the reduced SE problem, a solution via blocked formulation is proposed.
The resulting formulation is a sparse coefficient matrix with a smaller dimension when
compared to the Hachtel’s Tableau.
To eliminate the state variables associated with the zero injection, the measure-
ment function has to be partitioned as in Equation 4.24, where 𝑧0 contains the real and
imaginary parts of the zero injections, and 𝑥0 contains the real and imaginary parts of
the state variables associated with the measurements in 𝑧0.
⎡⎣ 𝑧𝑛
𝑧0
⎤⎦ =
⎡⎣ 𝐻𝑛𝑛 𝐻𝑛0
𝐻0𝑛 𝐻00
⎤⎦⎡⎣ 𝑥𝑛
𝑥0
⎤⎦ (4.24)
The partition proposed in 4.24 is obtained from the null injection at bus 𝑘 written
in Equation 4.25, where 𝐾 is the set of buses connected to the bus 𝑘.
⎡⎣ 𝑖𝑟𝑒𝑎𝑙,𝜓𝑘
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘
⎤⎦ = − ∑︁
𝑚∈𝐾
⎡⎣ 𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
⎤⎦ = 0 (4.25)
From 4.25, any current from the set of adjacent branches can be represented by
Equation 4.26.
⎡⎣ 𝑖𝑟𝑒𝑎𝑙,𝜓𝑚𝑘
𝑖𝑖𝑚𝑎𝑔,𝜓𝑚𝑘
⎤⎦ = − ∑︁
𝑙∈𝐾 ̸=𝑚
⎡⎣ 𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑙
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑙
⎤⎦ (4.26)
Considering the Equation 4.26, for each bus 𝑘 with null injection, one of the
adjacent currents is included in 𝑥0 substituting the null injection of the bus 𝑘. As a result,
the dimension of 𝑥0 corresponds to the number of buses with null injection. Once the
vectors of 𝑥0 and 𝑥𝑛 are obtained, the Equation 4.24 can be rearranged in two equations
as indicated in Equations 4.27 and 4.28.
𝑧0 = 𝐻0𝑛𝑥𝑛 +𝐻00𝑥0 = 0 (4.27)
𝑧𝑛 = 𝐻𝑛𝑛𝑥𝑛 +𝐻𝑛0𝑥0 (4.28)
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From 4.27, it is possible to rearrange the terms as in Equation 4.29 to obtain a
simple relation between 𝑥0 and 𝑥𝑛. Note that the coefficient matrix 𝐻00 is full rank by
definition.
𝑥0 = (−𝐻−100 𝐻0𝑛)𝑥𝑛 (4.29)
Substituting Equation 4.29 in Equation 4.28, 𝑧𝑛 can be obtained as presented in
Equation 4.30, where 𝐻𝐴 = 𝐻𝑛𝑛−𝐻𝑛0𝐻−100 𝐻0𝑛. The resulting matrix 𝐻𝐴 is constant and
the measurements 𝑧𝑛 depend on the state vector 𝑥𝑛. As a result, the problem is written
as in Equation 4.30.
𝑧𝑛 = 𝐻𝐴𝑥𝑛 (4.30)
min: 𝐽𝑛(𝑥) = (𝑧𝑛(𝑥𝑛)−𝐻𝐴𝑥𝑛)𝑇𝑅−1𝑧 (𝑧𝑛(𝑥𝑛)−𝐻𝐴𝑥𝑛)
s.t. 𝑐𝑙𝑜𝑜𝑝(𝑥𝑛, 𝑥0) = 0
𝑟𝑛 − 𝑧𝑛(𝑥𝑛) +𝐻𝐴𝑥𝑛 = 0
(4.31)
In Equation 4.31, 𝑐𝑙𝑜𝑜𝑝(𝑥𝑛) is the set of loop equations defined as a function of
the reduced state vector 𝑥𝑛 and 𝑥0, which can be written as in Equation 4.32.
𝑐𝑙𝑜𝑜𝑝(𝑥𝑛, 𝑥0) =
[︁
𝐶𝑛 𝐶0
]︁ ⎡⎣ 𝑥𝑛
𝑥0
⎤⎦ (4.32)
Developing the Equation 4.32 and substituting 𝑥0 as in the Equation 4.29, the
following relation can be obtained:
𝑐𝑙𝑜𝑜𝑝(𝑥𝑛) = (𝐶𝑛 − 𝐶0(𝐻−100 𝐻0𝑛))𝑥𝑛 (4.33)
This problem can be solved via the Hachtel’s’s Tableau, according to Equation
4.34. In the coefficient matrix of Equation 4.34, 𝐶𝑙𝑜𝑜𝑝 = 𝐶𝑛 − 𝐶0𝐻−100 𝐻0𝑛.
⎡⎢⎢⎢⎣
𝑅𝑧𝑛 𝐻𝐴 0
𝐻𝑇𝐴 0 𝐶𝑇𝑙𝑜𝑜𝑝
0 𝐶𝑙𝑜𝑜𝑝 0
⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝛾
𝑥𝑛
𝜆
⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
𝑧
0
−𝑐𝑙𝑜𝑜𝑝(𝑥)
⎤⎥⎥⎥⎦ (4.34)
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The Hachtel’s Tableau of Equation 4.34 can be decomposed using the concept of
blocked formulation as proposed in (ABUR; GOMEZ-EXPOSITO, 2004). First, The Ja-
cobian 𝐻𝐴 can be divided into two smaller matrices, being one comprising the derivatives
related to the current measurements (𝐻𝐴𝑖) and the other the derivatives related to the
voltage measurements (𝐻𝐴𝑣). This is shown in Equation 4.35, where 𝑅𝑧𝑣 and 𝑅𝑧𝑖 are the
covariance matrices associated with the voltage and current measurements, respectively.
⎡⎢⎢⎢⎢⎢⎢⎣
𝑅𝑧𝑣 0 𝐻𝐴𝑣 0
0 𝑅𝑧𝑖 𝐻𝐴𝑖 0
𝐻𝑇𝐴𝑣 𝐻
𝑇
𝐴𝑖
0 𝐶𝑇𝑙𝑜𝑜𝑝
0 0 𝐶𝑙𝑜𝑜𝑝 0
⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎣
𝛾𝑣
𝛾𝑖
𝑥𝑛
𝜆
⎤⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎣
𝑧𝑣
𝑧𝑖
0
−𝑐𝑙𝑜𝑜𝑝(𝑥𝑛)
⎤⎥⎥⎥⎥⎥⎥⎦ (4.35)
Considering that the number of actual measurements(𝑁𝑧𝑛) is composed by the
number of current measurement (𝑁𝑧𝑖) and the number of voltage measurements (𝑁𝑧𝑣),
the Tableau in the above formulation has dimmension (𝑁𝑧𝑖 + 𝑁𝑧𝑣 + 𝑁𝑛 + 𝑁𝑙𝑜𝑜𝑝), where
𝑁𝑛 correspond to the dimension of the reduced state vector 𝑥𝑛, and 𝑁𝑙𝑜𝑜𝑝 is the number
of loop equations included in 𝑐𝑙𝑜𝑜𝑝(𝑥𝑛). Manipulating the rows and columns, the blocked
formulation can be obtained as shown in Equation 4.36.
⎡⎢⎢⎢⎣
𝑅𝑧𝑣 𝐻𝐴𝑣 0
𝐻𝑇𝐴𝑣 −𝐻𝑇𝐴𝑖𝑅−1𝑧𝑖 𝐻𝐴𝑖 𝐶𝑇𝑙𝑜𝑜𝑝
0 𝐶𝑙𝑜𝑜𝑝 0
⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝛾𝑣
𝑥𝑛
𝜆
⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
𝑧𝑣
−𝐻𝑇𝐴𝑖𝑅−1𝑧𝑖 𝑧𝑖
−𝑐𝑙𝑜𝑜𝑝(𝑥𝑛)
⎤⎥⎥⎥⎦ (4.36)
Note that the dimension of the Tableau has been reduced to (𝑁𝑧𝑣+𝑁𝑛+𝑁𝑙𝑜𝑜𝑝). In
addition, when the system is totally radial, the dimension of the Tableau is (𝑁𝑧𝑖+𝑁𝑛) and
the blocked formulation can be represented as in Equation 4.37. It is important pointing
out that the Gain matrix included in the Tableau indicated by 𝐻𝑇𝐴𝑖𝑅
−1
𝑧𝑖
𝐻𝐴𝑖 does not
include the elements related to the voltage measurements, which preserves the sparsity.
⎡⎣ 𝑅𝑧𝑣 𝐻𝑇𝐴𝑣
𝐻𝐴𝑣 −𝐻𝑇𝐴𝑖𝑅−1𝑧𝑖 𝐻𝐴𝑖
⎤⎦⎡⎣ 𝛾𝑣
𝑥𝑛
⎤⎦ =
⎡⎣ 𝑧𝑣
−𝐻𝑇𝐴𝑖𝑅−1𝑧𝑖 𝑧𝑖
⎤⎦ (4.37)
Once the variable substitution and the blocked formulation are applied obtaining
the Tableau as in Equation 4.36 or 4.37, the solution of the IBCSE is obtained as follows:
1. Start the iteration counter 𝜈 = 0;
2. Solve Equation 4.36 or 4.37 to obtain 𝑥𝜈+1𝑛 ;
3. Obtain the remaining current variables 𝑥𝜈+10 using Equation 4.29;
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4. Update the voltages using the estimated branch currents;
5. Check if𝑚𝑎𝑥(|𝑥𝜈+1𝑛 −𝑥𝜈𝑛|) < 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒. If convergence is reached, stop. Otherwise,𝜈 =
𝜈 + 1 and go back to step 2.
4.7 Case Studies
In order to validate the proposed method, this section presents some case studies
in which the IBCSE is assessed. The solution methods using NE, Hachtel’s Tableau and
VSBF are compared. Three systems were chosen to perform the case studies: (a) the
IEEE 34-Bus test feeder with the metering plans analysed in the previous chapters, and
an additional metering plan considering phasor measurements; (b) a generic MV UK 16-
bus system with topology and with mixed measurements; and (c) a Real UK MV system
with 306 buses, considering scenarios with voltage magnitude measurements and phasor
measurements of voltages and currents, in order to assess the impacts on the coefficient
matrices and the computational time in a larger system.
For all the case studies of this chapter, the accuracy for each type of measurement
was adopted according to Table 8.
Table 8 – IBCSE Case studies - errors associated to measurements
Type of measurement Error
Voltage Magnitude (𝑣) ±0.5%
Current Magnitude (𝑖) ±0.5%
Voltage angles (𝜃) ±0.02 rad
Current angles (𝜑) ±0.02 rad
Power Flow (𝑝, 𝑞) ±3%
Pseudo (𝑝, 𝑞) ±50%
4.7.1 Case Study 1: IEEE 34-bus system
In this case, three metering plans were adopted as presented in Figure 39. The
cases 1 and 2 are the same cases studied in previous chapters. An additional case using
phasor measurements is included, named as Case 3. As for previous studies, for all the
other buses without a power or voltage magnitude measurement, pseudo-measurements
or virtual measurements are assigned. The convergence tolerance was adjusted to 10−5
with the maximum number of iterations set to 50. The variances of the measurements
are calculated according to the accuracies given in Table 8 (See Equation 2.7). For vir-
tual measurements, a low value is chosen for the variances (10−8) when NE solution is
used. A total of 500 Monte Carlo simulations were performed for each Case. Additionally,
the methods to include voltage magnitude measurements and phasor measurements were
assessed.
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Figure 39 – IEEE 34-Bus test feeder with the measurement plans for the cases 1, 2 and 3
The average errors results are shown in Table 9. It shows the errors in the es-
timated voltage angles and voltage magnitudes for the three cases and using the three
different solution methods: the NE solution, the Hachtel’s Tableau solution and the VSBF
solution. As it can be seen, the three solution methods produced similar results. In the
Case 1 the average errors in the estimated angles are just over 0.2 crad and around 0.0014
p.u in voltage magnitudes estimates. Using only voltage magnitude measurements, the
errors in the estimated magnitudes are reduced to 0.006 p.u, as it can be seen in the
table for Case 2. On the other hand, when voltage phasors and current phasors are used
as in Case 3, both the magnitude and angles are estimated with fewer errors due to the
accuracy of the measurements.
These results can also be verified per bus for the Case 1, Case 2 and Case 3
in Figures 40 and 41. The conclusions drawn from the results in the table can also be
verified in these figures. In Figure 40, the errors in the estimated angles in Case 2 are
practically the same as the Case 1. In Case 3, not only the voltages magnitude estimates
are improved but also the angles estimated errors are significantly lower, and these errors
are reduced mainly around the buses where the phasor measurements are located.
In Figure 41, the errors in the estimated voltage magnitudes are significantly
improved both in cases 2 and 3, with a substantial reduction of the errors in buses where
measurements are allocated.
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Table 9 – MAE for estimated 𝜃𝑣 and 𝑣𝑘 - IBCSE Case Study - IEEE 34-Bus System
Case 1 Case 2 Case 3
NE MAE 𝜃𝑘 (crad) 0.2319 0.2256 0.0333MAE 𝑣𝑘 (p.u) 0.0014 0.0007 0.0006
Hachtel’s Tableau MAE 𝜃𝑘 (crad) 0.2303 0.2274 0.0309MAE 𝑣𝑘 (p.u.) 0.0014 0.0006 0.0006
VSBF MAE 𝜃𝑘 (crad) 0.2320 0.2308 0.0343MAE 𝑣𝑘 (p.u.) 0.0014 0.0007 0.0006
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Figure 40 – MAE for estimated 𝜃𝑘 using the NE(top), Hachtel’s Tableau (middle) and
VSBF (bottom) - IBCSE Case Study - IEEE 34-bus system
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Figure 41 – MAE for estimated 𝑣𝑘 using the NE(top), Hachtel’s Tableau (middle) and
VSBF (bottom) - IBCSE Case Study - IEEE 34-bus system
The statistical consistency and bias were also evaluated for each case. Figure 42
shows this analysis using the normality check plot. The results from case 1 are represented
in blue in the figures, while the results for cases 2 and three are shown in green and red,
respectively. For all cases, unbiased results were found.
The VSBF method demonstrated to produce unbiased results as well as the NE
and Hachtel’s Tableau solution. It is also verified that in case 2 the errors in the estimated
state are slightly improved with the inclusion of voltage magnitude measurements, once
the normality path shows a higher slope, which means fewer errors in the estimated state.
These errors are well improved with the use of phasor measurements, due to the accuracy
and redundancy added to the measurement set.
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Figure 42 – Bias analysis using the NE(left), Hachtel’s Tableau (middle) and VSBF
(right) - IBCSE Case Study - IEEE 34-bus system.
Table 10 present the results from the statistical consistency analysis. The table
shows the percentage of the 𝜖 which has fallen out of the bounds for a confidence level
of 95%, and the average value for 𝜖 from the 500 simulations performed. The results
are shown for each simulated case and each solution method. The percentage of 𝜖 out
of the bounds were around 5% for all the simulated cases. Moreover, the average value
of 𝜖 approximates the number of variables in all cases. When using the NE solution, the
number of variables corresponds to the number of state variables, which in this case is 212
(6 × 35 buses, plus two variables associated with the reference bus). In the case of using
the Hachtel’s Tableau and the VSBF method, the average value of 𝜖 should approximate
the number of state variables minus the number of constraints of the problem (in this
case, the number of constraints is 6 × 7 null injection buses, or 42 equality constraints).
Therefore, the expected value for 𝜖 is 169 for the solution using Hachtel’s Tableau or
VSBF. The results shown in the table are according to the expected.
In addition, Figure 43 shows the consistency plots for all the cases according to
the simulation, for the solution with NE, Hachtel’s Tableau, and the VSBF, where the
table results can be verified.
Table 10 – Statistical consistency analysis - IBCSE Case Study - IEEE 34-Bus System
Case 1 Case 2 Case 3
NE 𝜖 out of bounds (%) 2.4 5.4 4.0Average 𝜖 211.81 216.78 212.36
Hachtel’s Tableau 𝜖 out of bounds 5.4 5.6 3.4Average 𝜖 169.31 170.84 167.45
VSBF 𝜖 out of bounds 6.0 5.4 4.8Average 𝜖 170.89 170.33 167.59
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Figure 43 – Statistical consistency plot using NE (top) Hachtel’s Tableau (middle) and
VSBF (bottom) - IBCSE Case Study - IEEE 34-bus System
Depending on the solution method, different sparsity of the coefficient matrices
can be obtained. Figure 44 shows the structure of the coefficient matrices for the studied
cases, as well as the number of non-sero elements and the size of the matrix. In addition,
Table 11 shows the level of sparsity, the average factorization time, and the number
of iterations in each case. When using the NE, the gain matrix presented a sparsity
level of over 97% in the Case 1, but the sparsity level is reduced to under 64% when
voltage measurements are used as in Cases 2 and 3. This negatively affects the time of
factorization, as it is thrice the value of Case 1 in Cases 2 and 3.
An alternative is the use of the Hachtel’s Tableau for the solution. In this case, the
sparsity level remains over 95% in all cases. However, the size of the Hachtel’s Tableau also
increases as it can be seen in Figure 44, and it causes the factorization time to increase.
Therefore, using the Hachtel’s Tableau solves the sparsity issues, however, it may still
impact on the computational time.
Using the proposed method, the size of the Tableau remains equal to the dimen-
sions of the Gain matrix plus the number of voltage magnitude measurements. The size
of the coefficient matrix is smaller than the Hachtel’s Tableau. Moreover, the level of
sparsity is maintained high, as it can be seen in Table 11. It is just under 90% in Case 3.
However, when using the proposed method, the average factorization time is significantly
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reduced in comparison with the cases using the NE and the Hachtel’s Tableau.
Figure 44 – Structure of the Coeficient matrices: Gain (top), Hachtel’s Tableau (middle)
and VSBF (bottom) - IBCSE Case Study - IEEE 34-bus system
Table 11 – Analysis of coefficient matrices and factorization time - IBCSE Case Study -
IEEE 34-Bus System
Case 1 Case 2 Case 3
NE
Sparsity level (%) 97.33 63.68 63.68
Average factorization time
per iteration (s) 0.0006 0.0018 0.0018
Average no. of iterations 5.0 7.0 5.0
Hachtel’s Tableau
Sparsity level (%) 99.36 98.39 97.52
Average factorization time
per iteration (s) 0.0010 0.0015 0.0018
Average no. of iterations 5.0 7.0 5.0
VSBF
Sparsity level (%) 96.44 92.60 89.72
Average Factorization time
per iteration (s) 0.0005 0.0008 0.0009
Average no. of iterations 5.0 7.0 5.0
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4.7.2 Case Study 2: The generic UK 16-Bus System
The UK Generic Distribution System (GDS) 16-bus system used in this cases
study is shown in Figure 45. The system is supplied by two 30MVA 132/33kV transform-
ers located at the primary substation. These transformers are associated in parallel and
modeled as a single transformer. The tap of this transformer was adjusted in order to
increase the voltage level at bus 2 to 1.03 p.u. A voltage regulator is located between
buses 8 and 9 adjusted with the nominal tap. This system present meshed topology in
two different locations, one linking the buses 2, 3, and 4, and other linking the buses 2,
13, 14, and 15.
In this case, the state vector is composed of 6×𝑁ℓ+2 elements, where 𝑁ℓ is the
number of branches of the system. It gives a total of 6 × 17+2 = 104.
Figure 45 – UK Generic 16-Bus test feeder with the measurement plan
The convergence tolerance was adjusted to 10−5 with the maximum number of
iterations set to 50. The variances of the measurements are calculated according to the
accuracies given in Table 8. For virtual measurements, a low value is chosen for the
variances (10−8). A total of 500 Monte Carlo simulations were performed for each Case.
The average errors results are shown in Table 12. It shows the errors in the
estimated voltage angles and voltage magnitudes for the simulated case and using the
three different solution methods: the NE solution, the Hachtel’s Tableau solution and the
VSBF solution. In terms of the errors in the estimated voltage magnitudes, the three
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approaches produced similar results. However, the errors in the estimated voltage angles
presented a reduction when the alternative approaches to the NE were used (Hachtel’s
Tableau and VSBF). In this case, it shows that the variances of the virtual measurements
are affecting the estimated angle errors.
These results can also be verified per bus in Figures 46 and 47. The conclusions
drawn from the results in the table can also be verified in this figure. In Figure 46, the
errors in the estimated angles are reduced for the Hachtel’s Tableau and VSBF, while
in Figure 47, the errors in the estimated voltage magnitudes are very similar for all
approaches.
Figure 48 shows the analysis of bias using the normality check plot. For all cases,
unbiased results were found. In addition, Table 13 shows that the estimators are statis-
tically consistent in all cases. The average value of 𝜖 approximates the number of state
variables when using NE (104). For Hachtel’s Tableau and VSBF, 𝜖 approximates the
number of variables minus the number of equality constraints (80). Figure 49 shows the
consistency plot for each solution method.
Table 12 – MAE for estimated 𝜃𝑣 and 𝑣𝑘 - IBCSE Case Study - UKGDS 16-Bus System
NE Hachtel’s Tableau VSBF
𝑀𝐴𝐸𝜃(𝑐𝑟𝑎𝑑) 0.0656 0.0337 0.0334
𝑀𝐴𝐸𝑣(𝑝𝑢) 0.0006 0.0006 0.0006
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Figure 46 – MAE for estimated 𝜃𝑘 using NE (top), Hachtel’s Tableau (middle) and VSBF
(bottom) - IBCSE Case study - UK GDS 16-bus system.
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Figure 47 – MAE for estimated 𝑣𝑘 using NE (top), Hachtel’s Tableau (middle) and VSBF
(bottom) - IBCSE Case study - UK GDS 16-bus system.
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Figure 48 – Normality check for the solution method using NE (left), Hachtel’s Tableau
(middle) and VSBF (right) -IBCSE Case Study - UKGDS 16-bus System.
Table 13 – Statistical consistency analysis - IBCSE Case Study - UKGDS 16-Bus System
NE Hachtel’s Tableau VSBF
∈ out of bounds (%) 6.0 4.2 4.0
Average ∈ 105.34 80.04 79.16
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Figure 49 – Statistical consistency plot using NE (top) Hachtel’s Tableau (middle) and
VSBF (bottom) - IBCSE Case Study - UKGDS 16-Bus System
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Finally, the convergence characteristics are assessed, as shown in Table 14. The
number of iterations, in this case, is equal to 4 for all the solution methods used. The
average factorization time and the sparsity level of the coefficient matrices are also shown
in this table. According to the choice of the solution method, different coefficient matrices
can be obtained, as shown in Figure 50,also presenting the number of non-sero elements
and the size of the matrix. Although the highest sparsity level is obtained with the use
of Hachtel’s Tableau, it presents the highest computational time due to the size of the
matrix to be factorized. The lowest factorization time is obtained using the gain matrix
in this case.
Table 14 – Analysis of coefficient matrices and factorization time - IBCSE Case Study -
UKGDS 16-bus system
NE Hachtel’s Tableau VSBF
Average no. iterations 4.0 4.0 4.0
Average factorization time
per iteration (s) 0.0007 0.0011 0.0009
Sparsity level (%) 75.21 97.11 95.12
(121 x 121) (256 x 256) (118 x 118)
Figure 50 – Structure of the Coeficient matrices: Gain (left), Hachtel’s Tableau (middle)
and VSBF (right) - IBCSE Case Study - UKGDS 16-bus system
4.7.3 Case Study 3: A real UK MV 306-bus System
For this case study, a real MV 11kV system located in the northwest part of
England was used. The topology of this network can be visualized in Figure 51, where the
primary substation is represented by the red square and the load points are represented
by circles along the feeders. The primary substation supplies two radial feeders, one at
the left side and other at the right side of the substation.
This system presents 198 load buses and 108 ramification buses with no load
connected to them. These are assigned with null injection measurements. The system is
purely radial and therefore there are 306 branches counted for as state variables in the state
vector, giving a total of 306 × 6 = 1836 current variables, plus 2 more voltage variables
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corresponding to the internal bus (angle reference). It totalizes 1838 state variables in the
state vector. Additionally, the zero injections add 648 equality constraints to the problem.
Figure 51 shows the locations considered for a monitor, which can be assigned as
voltage magnitude measurements of phasor measurements of voltages and currents. For
this case study, three cases were considered, as the following:
∙ Case 1 : Only a monitor at the substation measuring the voltage magnitude and the
active and reactive power flow;
∙ Case 2 : The monitor at the substation measuring the voltage magnitude and the
active and reactive power flow, and the monitors at the locations indicated in Figure
51, measuring the buses voltage magnitudes;
∙ Case 3 : The monitor at the substation measuring the voltage magnitude and the
active and reactive power flow, and the monitors at the locations indicated in Figure
51, measuring the voltage and current phasor measurements.
LV Transformers
Primary Substation
Monitor location
Left feeder
Right feeder
Figure 51 – Real UK MV 306-Bus System with the monitor location
As for the other case studies, the convergence tolerance was adjusted to 10−5
with the maximum number of iterations set to 50. The variances of the measurements
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are calculated according to the accuracies given in Table 8. For virtual measurements
and using NE, a low value is chosen for the variances (10−8). A total of 500 Monte Carlo
simulations were performed for each Case.
The average errors results are shown in Table 15. It shows the errors in the
estimated voltage angles and voltage magnitudes for the three cases and using the three
different solution methods: the NE solution, the Hachtel’s Tableau solution and the VSBF
solution. As it can be seen, the three solution method produced similar results. In the
Case 1, the average errors in the estimated angles are just under 1 crad and around 0.01
p.u in voltage magnitudes estimates. Using only voltage magnitude measurements, the
errors in the estimated magnitudes are reduced, as it can be seen in the table for Case
2. On the other hand, when voltage phasors and current phasors are used as in Case 3,
both the magnitude and angles are estimated with fewer errors due to the accuracy of the
measurements.
These results can also be verified per bus for the Case 1, Case 2 and Case 3 in
Figures 52 and 53. In Figure 52, the errors in the estimated angles in Case 2 are improved
in relation to the Case 1. In Case 3, the angles estimated errors are lower, and these
errors are reduced around the buses where the monitors are located. In Figure 53, the
errors in the estimated voltage magnitudes are significantly improved both in Cases 2 and
3, with a substantial reduction of the errors in buses where measurements are allocated.
Therefore, the benefit of using phasor measurements includes not only having good voltage
magnitude estimates, but also better buses voltage angles estimates.
In addition, it can be verified a reduction of the errors in the Case 1 when using the
Hachtel’s Tableau solution or the VSBF. It shows that the high number of zero injections
considered in the Gain Matrix deteriorate the estimates.
Table 15 – MAE for estimated 𝜃𝑣 and 𝑣𝑘 - IBCSE Case Study - Real UK MV 306-bus
system
Case 1 Case 2 Case 3
NE MAE 𝜃𝑘 (crad) 0.9515 0.6484 0.1483MAEv 𝑣𝑘 (p.u.) 0.0104 0.0019 0.0018
Hachtel’s Tableau MAE 𝜃𝑘 (crad) 0.7868 0.5179 0.1236MAEv 𝑣𝑘 (p.u.) 0.0085 0.0016 0.0016
VSBF MAE 𝜃𝑘 (crad) 0.7742 0.5174 0.1219MAEv 𝑣𝑘 (p.u.) 0.0083 0.0016 0.0016
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Figure 52 – MAE in estimated 𝜃𝑘 using NE(top), Hachtel’s Tableau (middle) and VSBF
(bottom) - IBCSE Case Study - Real UK MV 306-bus System.
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Figure 53 – MAE in estimated 𝑣𝑘 using NE(top), Hachtel’s Tableau (middle) and VSBF
(bottom) - IBCSE Case Study - Real UK MV 306-bus System.
Chapter 4. An improved approach for the Branch Current Based SE 103
The statistical consistency and bias were also evaluated for each case. Figure 54
shows this analysis using the normality check plot. The results from case 1 are represented
in blue in the figures, while the results for Cases 2 and 3 are shown in green and red,
respectively. For all cases, unbiased results were found. All the solution methods demon-
strated to produce unbiased results. It was also verified that in Cases 2 and 3 the errors
in the estimated state are improved with the inclusion of voltage measurements, as it can
be noticed a higher inclination of lines.
Table 16 presents the results from the statistical consistency analysis. The table
shows the percentage of the ∈ which felt out of the bounds for a confidence level of 95%,
and the average value for ∈ from the 500 simulations performed. The results are shown for
each simulated case and each solution method. The percentage of ∈ out of the bounds were
around 5% for all the simulated cases. Moreover, the average value of ∈ approximates the
number of variables in all cases (1838 for the NE solution and 1190 for Hachtel’s Tableau
and VSBF). In addition, Figure 55 shows the consistency plots for all the cases according
to the simulation, where the table results can be verified.
x - x
^ true
x - x
^ true
x - x
^ true
Figure 54 – Bias analysis using the NE(left), Hachtel’s Tableau (middle) and VSBF
(right) - IBCSE Case Study - Real UK MV 306-bus system
Table 16 – Statistical consistency analysis - IBCSE Case Study - Real UK MV 306-bus
system.
Case 1 Case 2 Case 3
NE ∈ out of bounds (%) 4.4 5.0 5.2Average ∈ 1841.1 1835.6 1837.8
Hachtel’s Tableau ∈ out of bounds (%) 6.0 6.2 5.0Average ∈ 1190.0 1187.7 1190.0
VSBF ∈ out of bounds (%) 6.4 4.4 6.2Average ∈ 1190.6 1188.4 1187.9
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Figure 55 – Statistical consistency plot using NE (top) Hachtel’s Tableau (middle) and
VSBF (bottom) - IBCSE Case Study - Real UK MV 306-bus system
Figure 56 shows the structure of the coefficient matrices for the studied cases,
also presenting the number of non-sero elements and the size of the matrix. In addition,
Table 17 shows the level of sparsity, and the average factorization time and the number of
iterations in each case. Using the NE it is observed a sparsity level higher than 90% in all
the cases, however, this level of sparsity falls from over 99% to under 96% when voltage
measurements are used. In addition, the number of nonzero elements increases from 7199
in Case 1 to 143993 in Cases 2 and 3, which represents an increase of 1900%. As a result,
the average factorization time also increases in Cases 2 and 3.
An alternative is the use of the Hachtel’s Tableau for the solution. As it can be
seen in both Figure 56 and Table 17, the sparsity level is over 99% in all cases. However,
as the size of the matrix increases (as well as the number of nonzero elements), the
factorization time also increases. It can be seen that using the Hachtel’s Tableau it takes
28 milliseconds to factorize the matrix in Case 3, 26 milliseconds to factorize the matrix
in Case 2, and 22 milliseconds in Case 1.
Using the VSBF method, significant improvements are achieved in both the spar-
sity level and the average factorization times. Comparing the solution method using the
NE and the VSBF, the factorization times fall from 7.5 to 4.1 milliseconds in case 1, from
19.3 to 5.9 milliseconds in Case 2 and from 19.3 to 7.1 milliseconds in case 3. Although
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the number of nonzero elements is higher than using the Tableau, the size of the matrices
using the VSBF method is significantly smaller.
Figure 56 – Structure of the Coeficient matrices: Gain (top), Hachtel’s Tableau (middle)
and VSBF (bottom) - IBCSE Case Study - Real UK MV 306-bus system
4.8 Conclusions
This chapter presented the formulation of the improved Branch Current Based
SE (IBCSE). The improvements were promoted to allow the use of voltage magnitude
measurements and at the same time keep the Jacobian matrix constant within the it-
erative process. In order to allow the use of voltage magnitude measurements, these are
converted into equivalent complex voltages and after that, the phasor is rotated according
to a specific angle that approximates the real component to the real possitive axis of the
complex plane. This mechanism guarantees that the modified measurement has an abso-
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Table 17 – Analysis of coefficient matrices and factorization time - IBCSE Case Study -
Real UK MV 306-bus System
Case 1 Case 2 Case 3
NE
Sparsity level (%) 99.78 95.73 95.73
Average factorization time
per iteration (s) 0.0075 0.0193 0.0193
Average no. of iterations 4.0 4.0 3.0
Hachtel’s Tableau
Sparsity level (%) 99.93 99.88 99.84
Average factorization time
per iteration (s) 0.0224 0.0261 0.0281
Average no. of iterations 3.97 3.01 3.0
VSBF
Sparsity level (%) 99.35 98.77 98.24
Average Factorization time
per iteration (s) 0.0041 0.0059 0.0071
Average no. of iterations 3.95 3.01 3.02
lute value that approximates to the magnitude of the actual measurement. The equation
of the equivalent measurement, in this case, relates to the state variables in a linear equa-
tion. Therefore, the elements of the Jacobian matrix are modified and constant elements
are obtained. The reference angle was set according to the approach proposed in the pre-
vious chapter. Equality constraints associated to virtual measurements were included in
the model considering the use of a variable substitution method with the blocked formu-
lation to preserve the sparsity of the coefficient matrices. The proposed methodology was
assessed using three different distribution systems with different measurement plans.
The results show that using voltage magnitude measurements converted into the
equivalent voltage measurements via phasor rotation is efficient in solving the conver-
gence issues which were evidenced in the previous chapters. This method is more robust
than using the real and imaginary parts of the equivalent voltage measurements. Using the
equivalent voltage measurement via phasor rotation assures the proper observability anal-
ysis of the system. The results using this proposed methodology proved to be statistically
consistent and unbiased. However, in cases when voltage measurements are considered
and the problem was solved using the NE, the Gain matrix presented a massive reduction
in the sparsity level.
An alternative to the NE is the use of the constrained problem and the solution via
Hachtel’s Tableau. However, despite the maintenance of the sparsity level of the Tableau,
the size of the matrix increases and therefore, the computational time also increases. The
formulation of the constrained problem through the variable substitution method with
the blocked formulation(VSBF) resulted in unbiased and consistent estimates, and also
improved the computational performance once that the sparsity of the coefficient matrices
are preserved and the size of the matrices are reduced. Although the practical application
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of the IBCSE requires an extensive analysis in other real systems and the modeling of other
system’s componentes, as a general conclusion, choosing the state estimator approach
for a distribution system solution depends on the number and location of the voltage
measurements, the system size, the number of zero injection virtual measurements and
the solution approach. As the coefficient matrices need to be factorized during the SE
solution, these aspects are fundamental for the computational efficiency of the SE.
Therefore, the proposed formulation comprises an Improved Branch Current State
Estimator (IBCSE) which is tailored for modern distribution systems, radial or meshed,
able to cater for all type of measurements that are available.
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Chapter 5
The use of SE in the context of
Distribution Management Systems
In this chapter, the Improved Branch-Current SE (IBCSE) is applied in the con-
text of the Distribution Management Systems (DMS). It is intended to demonstrate the
voltage control scheme based on the estimates provided by a SE considering the aspects
of the distribution systems monitoring. First, a brief introduction is given in order to
highlight the motivations for the content presented in this chapter. Following, the con-
cept of using the SE in DMS is presented. The scenario of simulation considers a real
UK MV network with residential customers and photovoltaic generation in the LV. It is
presented an assessment of a simple voltage control algorithm considering two different
measurement plans, being one using smart meters (SM) at both the LV and MV levels,
and a second using phasor measurement units at the MV level, instead of SM.
5.1 Introduction
Distribution networks were originally designed to transport energy from the sub-
station towards consumers, following a unidirectional power flow. With the introduction
of the Distributed Generation (DG), mostly composed by renewable energy resources such
as photovoltaics (PV) and wind farms, this unidirectional power flow paradigm is likely
to be changed. This change not only will affect the direction of the power flows but also
the system voltages which are prone to raise limiting the level of DGs penetration (MAS-
TERS, 2002). Therefore, the techniques based on the premise that the system is radial
with unidirectional flows must give place to more sophisticated ones, able to cater for
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the new reality of modern distribution systems (HEYDT, 2010). In this new context, the
control scheme adopted for the grid plays an important role to find a trade-off between
allowing the increase of renewables and respecting the regulatory limits. Using various
strategies to actively control the system, the amount of DG that can be connected with-
out reinforcing the network can be increased (ALNASER; OCHOA, 2015). Once these
control schemes are implemented in Distribution Management Systems (DMS), the DG
penetration may be maximized. Therefore, the DMS requires the knowledge of the system
information such as the topology, line flows and bus voltages, which can be obtained using
an SE (ABUR; GOMEZ-EXPOSITO, 2004; MONTICELLI, 1999).
Due to the lack of available real-time measurements at the distribution level,
estimating the state of the distribution systems is a challenging task. In most of the cases,
the last point of monitoring on a real-time basis are found at the primary transformers
in substations. As a result, the estimation of the state of distribution system relies on
the load information from historical databases combined with the substation real-time
measurements. However, this low redundancy of accurate measurements in a real-time
basis leads to a poor accuracy of the estimated quantities far from the substation. In
addition, there is a high DG penetration in the LV systems and, therefore, the monitoring
of this part of the grid is critical requiring reliable and robust communication systems.
(LI; YUNUS, 2007).
Another issue related to the application of SE in distribution systems is the nature
of the available measurements. Once there is a low number of monitors and monitored
quantities are not up-to-date for the most of the data, the techniques for obtaining the
state must consider that for a single snapshot of state estimation it is unlikely that
all the measurements can be received at the same time and with the same accuracy
(SAMARAKOON et al., 2011).
In the context of smart grids, the use of SE is important to increase the knowl-
edge of the system operation point, and perform control actions when needed (XIANG;
COBBEN, 2015). When more good quality measurements are used in distribution systems
SE, the solution improves in terms of quality, once the prioritization of these measure-
ments is assured (JIA et al., 2013; LEFEBVRE et al., 2013).
In this direction, most of the efforts in the recent developments on SE for distri-
bution systems are toward the objective of accommodating the few actual measurements
and other relevant operation information to obtain the most likely state of the system
(MORI; YAMADA, 2006; HU et al., 2011).
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5.2 The role of SE in DMS
The idea of the DMS using SE for control purposes is shown in Figure 57. The
inputs to the state estimator consist of measurements, pseudo-measurements, and the
network topology data. Each measurement must be associated with a variance. The mon-
itored values are supplied from remote and local substations within the area where the
DMS controller is acting, and the standard deviation is defined by the accuracy of each
received measurement. Pseudo-measurements are provided from models extracted from
historical data regarding the load consumption of each type of customer.
Figure 57 – Strucutre of a DMS using the SE.
One of the main objectives of the DMS when performing active distribution net-
work management is to allow the maximum penetration of DG without exceeding voltage
or thermal limits anywhere in the distribution system. With the proper estimates, the
information of the system operation can be used to carry out the proper control actions.
When there is an identification of lines or transformers exceeding their thermal capacities,
or nodes with voltages outside the statutory limits, the control engine finds the best set
points for the controllable devices (i.e., OLTCs, Capacitor Banks, etc.). Therefore, the
accuracy of the estimated quantities is critical for the adequate behave of such voltage
control.
5.2.1 Types of measurements in the modern distribution systems
The level of monitoring considered for the system is basically composed of the
measurements that are available in the substation and smart meters allocated in low volt-
age level. Substation measurements encompass the voltage measurement and the power
flow. These monitored values are normally available on the real-time basis. In recent years,
distribution systems have experienced a great deployment of smart meters. For the dis-
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tribution systems of the future, not only these types of measurements are expected to be
available, but also new technologies are expected to be deployed, as the 𝜇𝑃𝑀𝑈 . In the
following, the types of measurements other than substation measurements which are used
in this study are discussed.
5.2.1.1 Smart Meters (SM)
Smart meters provide the information regarding aggregated values of active and
reactive power, as well as voltage magnitudes. An important aspect to consider is that
the information from smart meters is delayed and received in different time intervals. In
this chapter, a time interval of 15 minutes for updating the SM is adopted.
As mentioned, SM information is delayed and updated every 15 minutes. It means
that the associated weighting factor must be treated accordingly. In order to cater for this
uncertainty, Equation 5.1 is used. In this equation, the variance of the 𝑛𝑡ℎ measurement is
increased according to the time in which the last measurement was received 𝑡𝐿𝑀 . There-
fore, the uncertainty related to the measurement takes into account the time from the
last measurement (LM).
𝜎2𝑛(𝑡) = 𝜎2𝑛(𝑡𝐿𝑀) + 𝜎2𝑛(𝑡𝐿𝑀)(𝑡− 𝑡𝐿𝑀) (5.1)
5.2.1.2 The distribution systems PMUs (𝜇𝑃𝑀𝑈)
The synchrophasor technology uses GPS to provide the time reference to mea-
sure the voltages and current phasors. The 𝜇𝑃𝑀𝑈 is capable of storing, analysing and
communicating high-accurate synchrophasor measurements, such as voltage and current
phasors. This device can measure with a guaranteed accuracy of 0.05 % for amplitudes
and 0.01∘ in one standard deviation for angles. The typical Total Vector Error (TVE) is
of 0.05% with a very high sample rate (MEIER et al., 2014). This high accuracy can be
used to improve state estimation methods and the DMS functionalities (ARGHANDEH
et al., 2015; CHEN et al., 2015).
The literature shows that distribution system applications could be supported
by 𝜇𝑃𝑀𝑈 data or, in some cases, by conventional PMU data (MEIER et al., 2014;
ARGHANDEH et al., 2015; WEN et al., 2015). However, there is a need for determining
the specific requirements for applications related to distribution systems (i,e. data res-
olution, accuracy, communication speed, signal latencies, volume and continuity of data
transfer, among others). Figure 58 shows the potential applications for the phasor data
provided by the 𝜇𝑃𝑀𝑈 . These applications are divided into two groups: diagnostic appli-
cations and control applications. The difference between these is related to using 𝜇𝑃𝑀𝑈
data to help operators better understand the present or past condition of the system (di-
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agnostic), or to inform specific actions to be taken (control) as fast as a quasi-real-time
condition.
The distribution system SE is classified as a diagnostic application in the sense
that using the phasor measurements on the real-time basis it is possible to obtain a better
picture of the system operation. However, the knowledge of the operation point of the
system may be used in DMS in order to support control decisions. The listed diagnostic
and control applications are discussed in more details in (MEIER et al., 2014).
Figure 58 – Potential applications for information from 𝜇𝑃𝑀𝑈 . Source: (MEIER et al.,
2014)
In addition to this, in the context of SE, there is also a possibility for the as-
sessment of the advantages afforded by voltage angle compared to voltage magnitude as
a state variable. In Chapter 4, it was verified that the phasor measurements contribute
to a better angle estimate. Combined with the fact that the measurements from 𝜇𝑃𝑀𝑈
are available on a real-time basis, its data is presented as more valuable from the point
of view of state estimation than the unsynchronized data from the conventional SM.
5.2.2 Pseudo-measurements for distribution system SEs
Pseudo-measurements are used in SE when there is a missing information in order
to guarantee the numerical observability of the system. In distribution systems, due to
the low level of measurement, SEs must adopt a high number of pseudo-measurements.
Although the number of actual monitors is expected to increase in future systems, there
will still be the need for the pseudo-measurement. The allocation of measurements to
balance technical and economic issues will require the lowest possible number of monitor
devices to be deployed in order to meet the requirements for the best operation and
control.
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With no DGs in the system, historical data allows a good understanding of the
load demand behavior, which requires neither a high level of monitoring nor much control
actions. With the increase in DGs and distributed resources penetration, and the conse-
quent change in the consumer behavior, the uncertainties in load demand require more
monitoring at strategic locations, which means that some parts of the system are likely
to be kept unobservable.
Pseudo-measurements of load demand can be allocated for SE purposes using
the historical data from primary substation transformers. This information can be nor-
malized according to the number of customers supplied by the primary transformers and
distributed for the secondary transformers according to the number of customers at each
load point. This can produce a good approximation of the load demand behavior.
For systems in which the presence of DGs changes the behavior of the load pat-
terns, the use of historical data is not enough to assure good quality pseudo-measurements.
In this case, it is possible to combine the historical data and the data from SM deployed at
the low-level networks. Equation 5.2 indicates how to aggregate load patterns and infor-
mation from SM in order to produce the pseudo-measurements for SE purposes. It is also
important to cater for the variances of the pseudo-measurements in each case, according
to Equation 5.3.
𝑝𝑝𝑠𝑒𝑢𝑑𝑜𝑘 (𝑡) =
𝑁𝑐𝑘−𝑁𝑠𝑚𝑘∑︁
𝑐=1
𝑝ℎ𝑖𝑠𝑡𝑐 (𝑡) +
𝑁𝑆𝑀∑︁
𝑐=1
𝑝𝑆𝑀𝑐 (𝑡) (5.2)
𝜎2
𝑝𝑝𝑠𝑒𝑢𝑑𝑜
𝑘
(𝑡) =
𝑁𝑐𝑘−𝑁𝑠𝑚𝑘∑︁
𝑐=1
𝜎2𝑝ℎ𝑖𝑠𝑡𝑐 (𝑡) +
𝑁𝑠𝑚𝑘∑︁
𝑐=1
𝜎2𝑝𝑆𝑀𝑐 (𝑡) (5.3)
where:
∙ 𝑝ℎ𝑖𝑠𝑡𝑐 (𝑡) is the active power from historical data for a single customer 𝑐 at the instant
𝑡;
𝑝𝑆𝑀𝑐 (𝑡) is the active power from the last updated SM information for a single cus-
tomer 𝑐 at the instant 𝑡
∙ 𝑁𝑐𝑘 is the total number of customer corresponding to the bus 𝑘 of the MV system;
∙ 𝑁𝑠𝑚𝑘 is the total number of customers with a SM corresponding to the bus 𝑘 of
the MV system.
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5.3 Application of the SE in voltage management
The distribution systems are subjected to some voltage limits depending on the
voltage level of the system. In the UK, at the MV level (132kV, 33kV and 11kV), the
voltages must be kept within +6 %and -6% of nominal voltage. For the LV (400V and
230V) the voltages must be kept within +10% and -6% of the nominal value (EN50160,
2010). However, the LV transformers can boost the voltages from the primary side to the
secondary side in approximately 8%, resulting in 1.14 p.u. in the LV side if the voltage at
the MV side (11kV) is at its maximum value of 1.06 p.u. Due to that, the voltages from
the MV side must not exceed 1.02 p.u. to guarantee that LV voltages do not exceed the
limits due to the LV transformer boost. In addition, it is usual to keep the voltages over
0.96 p.u. in order to maintain the voltages line-to-neutral over 240V on the low voltage
side. To keep the voltages within the limits (0.96 p.u. and 1.02 p.u.), an alternative is to
control the tap of the OLTC in the primary substation. In the following, the assumptions
for the control algorithm will be presented.
5.3.1 The control algorithm
The control algorithm proposed for the primary substation OLTC is shown in Fig-
ure 59. The state estimation is performed every minute, and after obtained the estimated
values the magnitudes of the voltages from all the buses of the system are analysed, and
the maximum and minimum values of the voltages are obtained (𝑣𝑚𝑎𝑥 and 𝑣𝑚𝑖𝑛). Firstly, if
the maximum voltage is over the 1.02 p.u., the control flag is set. Otherwise, it is verified
that if the 𝑣𝑚𝑖𝑛 is under 0.96 p.u., setting the control flag if positive. If in any case the
flag is set, the voltage target of the OLTC is changed according to the voltage difference
of 𝑣𝑚𝑎𝑥 and 𝑣𝑚𝑖𝑛 to the limits.
Besides this control scheme is run every minute, the OLTC tap change has a delay
of two minutes (ENWL, 2009). It means that if a violation occurs, the effective control
action will only occur two minutes after the change in 𝑣𝑡𝑎𝑟𝑔𝑒𝑡, and only if the Ctrl flag
is still set for the same 𝑣𝑡𝑎𝑟𝑔𝑒𝑡. Also important, the OLTC tap changes one step at each
control cycle.
This control algorithm is applied considering the estimated voltages that carry the
errors from the estimation process. However, the ideal case (when the state is estimated
with no errors in the measurements) is used as a base of comparison.
5.4 Case study: Voltage management of a MV UK System
In this study, a real UK MV 11kV system located in the northwest of England
was used. The topology of this network can be visualized in Figure 60, where the primary
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Figure 59 – Flowchart of the voltage control scheme using the SE.
substation is represented by the red square and the load points are represented by circles
along the feeders. The primary substation supplies two radial feeders, one at the left side
and other at the right side of the substation. This system was used in the Chapter 4 to
validate the proposed IBCSE.
The load points comprise a total of 198 buses. The system presents a total of
306 buses. For the sake of simplicity, only residential customers were considered in the
network.The substation has an OLTC transformer which is considered for voltage control.
5.4.1 Load demand and PV generation profiles
The load was allocated using a high-resolution model for obtaining minute-by-
minute residential profiles(RICHARDSON; THOMSON, 2011). The profiles of the pho-
tovoltaics were obtained with this tool, considering factors such as the period of the year
(July), cloud effect and the total irradiation in the PV panel. Figure 61 shows an exam-
ple for a minute-by-minute data obtained for a single dwelling considering the following
factors: a week day of July, two residents and a PV panel of 3.0kWp maximum installed
capacity.
The PV scenario for the simulation of the control scheme with the SE was set
in 40% (meaning that 40% of customers in each bus have a PV panel installed). The
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Figure 60 – Real MV UK Network.
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Figure 61 – Realistic residential load consumption and PV generation for a single dwelling
pseudo-measurements, in this case, are a combination of 40% smart meter information
(from PV modules, measuring the total power consumption) and 60% of historical data.
From power flow simulations, it was observed that for PV levels higher than 40%, the
proposed control scheme is not enough to keep the voltages within the limits. Figure 62
shows the voltage profiles for all the system buses in the scenario considered.
5.4.2 Monitoring scenarios
The criteria adopted for alloccating the monitors are one of the following:
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Figure 62 – Voltage behavior for all the buses of the MV system with no control (top) and
with control scheme applied (bottom) - 40% PV penetration - using power
flow values
∙ MP 1: In this monitoring scenario, the four buses with the higher number of cus-
tomers, and therefore with the higher power demand, are monitored. These are the
buses 47, 245, 257 and 261 as indicated in Figures 63 and 64;
∙ MP 2: Only the two buses with the highest voltage drop are assigned with monitors.
In this case, the voltage profile in the highest demand scenarion is analysed as in
Figure 65. From this figure it is possible to observe that the voltages are lower at
the buses 154 and 295.Therefore, the measurement case is according to Figure 63.
Although not all buses are monitored, it is considered that the PV panels from
the LV side are equipped with smart meters and the active and reactive power can be
used to improve the pseudo-measurements, as presented in Section 5.2.2.
For each type of measurement, the accuracy adopted was according to the shown
in Table 18. The real time measurement is assumed to be available at the primary substa-
tion only. At this level, the voltage and the power flow (active and reactive) are available
every minute. The SM measurements are not received at the same time for estimation but
in time intervals of 15 minutes. The accuracy of each type of measurement is also shown
in the third column of the table. Assuming the true values obtained from the power flow
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Figure 63 – Monitor location for MP 1 (left) and MP 2 (right).
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Figure 64 – Number of customers per bus
simulations, the measurements are perturbed as stated in Section 2.3.
Table 18 – Errors of the measurements and availability
Type of measurement Error Availability
Substation Voltage Magnitude (𝑣) ±0.5% Real Time
Substation Power Flow (𝑝, 𝑞) ±3% Real Time
𝜇PMU Voltage Magnitude (𝑣) ±0.5% Real Time
𝜇PMU Current Magnitude (𝑖) ±0.5% Real Time
𝜇PMU Voltage angles (𝜃) ±0.02 rad Real Time
𝜇PMU Current angles (𝜑) ±0.02 rad Real Time
SM Voltage Magnitude (𝑣) ±0.5% 15 minutes
SM Power Demand (𝑝, 𝑞) ±3% 15 minutes
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Figure 65 – Voltage profile for the maximum demand
5.4.3 Results
The simulation was performed with 40% PV penetration for a period of one day
estimating the state every minute and calculating the voltages from the estimated state.
The estimated voltage magnitudes were used by the control of the OLTC, as previously
discussed. In this study, a total of 10 simulations of a one-day period for each case was
performed, once the measurements and pseudo-measurements errors are random.
The first analysis performed was the error in the estimated quantities for the
monitored scenarios as presented in Figures 66 and 67. For the errors in the estimated
voltage magnitudes, the MAE values are presented in the plots of Figure 66, while the
errors in the estimated voltage angles are presented in the plots of Figure 67. These
figures present the average errors per bus and also per simulated time, for each one of the
scenarios considered.
For the scenario MP 1, Figure 66 shows the average errors in estimated voltage
magnitude per bus (on the top, left side) and per time (on the top, right side). It is
observed that the errors are minimized using the 𝜇𝑃𝑀𝑈 measurements, however, the
reduction of the errors are significative along the region where the monitor is located.
When the errors are observed along the simulated time, as in the right side of Figure 66,
three regions are observed. The first region corresponds to the morning period, where the
power demand is low. At this region, the behavior of the load demand is well known and
does not change much with the time. Therefore, it can be observed that both when using
SM and when using 𝜇𝑃𝑀𝑈 , the magnitude of the errors are the same. In a second region,
there is a PV generation with high intermittency. It can be observed that the errors when
SM are used are considerably higher in comparison with when using the 𝜇𝑃𝑀𝑈 . The
third region corresponds to the evening when there is no PV generation, but there is a
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high power demand. In this case, in the situation when 𝜇𝑃𝑀𝑈𝑠 are used, the errors are
smaller.
For the scenario MP 2, Figure 66 shows the average errors in estimated voltage
magnitude per bus (on the bottom, left side) and per time (on the bottom, right side). It
is observed that the errors are also minimized using the 𝜇𝑃𝑀𝑈 along the region where
the monitor is considered. When the errors are observed along the simulated time the
three regions are also observed. In this case, for the third region, corresponding to the
evening when there is no PV generation, the reduction of errors using the 𝜇𝑃𝑀𝑈 is more
significative than in the scenario MP 1.
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Figure 66 – MAE for estimated 𝑣𝑘: MP 1 (top) and MP 2 (bottom) per bus (left) and
time (right) - 10 simulations.
Figure 67 shows the average errors in the estimated voltage angles per bus (on the
top, left side) and per time (on the top, right side). Differently from what was previously
observed, the errors per bus are not significantly minimized in the regions where the
𝜇𝑃𝑀𝑈𝑠 are located, and during the simulated period, the errors are only minimized
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during the PV generation. It can be observed that the errors in the estimated angles can
be even higher during the morning when 𝜇𝑃𝑀𝑈 are used.
For the MP2, the results are also shown per bus (on the bottom, left side) and
per time (on the bottom, right side). In this case, the errors per bus are minimized in the
regions where the 𝜇𝑃𝑀𝑈𝑠 are located, and during the simulated period, the errors are
also reduced.
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Figure 67 – MAE for estimated 𝜃𝑣: MP 1 (top) and MP 2 (bottom) per bus (left) and
time (right) - 10 simulations.
From the observed for the errors in the estimated quantities, the allocation of
the monitors is an important aspect in order to obtain good estimates for voltage control
purposes. It can also be observed the impact of the delays in the SM information in the
estimated quantities. In fact, the real-time measurements contribute to obtaining better
estimates with smaller errors.
The behavior of the control scheme when using the monitoring scenarios MP 1
and MP 2 were also evaluated using the SM and the 𝜇𝑃𝑀𝑈𝑠. Figure 68 presents the
maximum and minimum voltage magnitudes in the MV system during the simulated
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period using the scenario MP1. On the right side it is possible to visualize how the actual
voltages behave, and at the left side, it is shown the estimated voltage magnitudes. It
can be seen that the estimated voltages match better the actual voltages when using the
𝜇𝑃𝑀𝑈 . The same conclusions can be made when analysing the controlled voltages in the
scenario MP 2 as presented in Figure 69. In this case, when using the SM the violations
during PV generation are more frequent. However, using 𝜇𝑃𝑀𝑈 the violations can be
reduced once the uncertainties from the SM delays are not influencing in the control
performance.
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Figure 68 – Maximum (blue) and minimum (black) voltage magnitudes during the simu-
lated period using Smart Meters (top) and 𝜇𝑃𝑀𝑈 (bottom) for the scenario
MP 1
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Figure 69 – Maximum (blue) and minimum (black) voltage magnitudes during the simu-
lated period using Smart Meters (top) and 𝜇𝑃𝑀𝑈 (bottom) for the scenario
MP 2
An alternative way to analyse the performance is observing the tap changes during
the simulated period for each of the analysed scenarios with both the SM and 𝜇𝑃𝑀𝑈 .
Figure 70 shows the behavior of the tap position considering that the control scheme is
using the true values of the voltages obtained from a power flow simulation. Therefore,
the voltages contain no errors. For this particular situation, it is necessary 3 tap changes
in order to control the voltages withing the established limits of 1.02 p.u. and 0.96 p.u.
Figure 71 presents the tap for 10 simulations in each scenario, where both the
behavior and the average number of tap changes are observed. It can be seen that the
average number of tap changes when the SM are used is over 6 for the MP 1 and over
5 for the MP 2. However, when the 𝜇𝑃𝑀𝑈𝑠 are allocated instead of SMs, the average
number of tap changes fall bellow 4 (3.6667 for MP1 and 3.4444 for MP2). This result
shows how the use of real-time and accurate measurements is important for applying the
SE in the proposed control scheme. The more accurate the measurements, the lower the
errors and the better the control performance.
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Figure 70 – Tap changes for control scheme using the voltages from a power flow solution
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Figure 71 – Tap changes for simulations using the SE: Smart meters (top) and 𝜇𝑃𝑀𝑈
(bottom), MP 1 (left) and MP 2 (right)
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5.5 Conclusions
In this chapter, the assessment of the use of the ICBSE in a voltage control
scheme was performed. For the analysis, a real UK MV network was adopted with two
metering plans and two different types o measurements: one from delayed Smart Meter
measurements, and other with real-time measurements from 𝜇𝑃𝑀𝑈𝑠. A simple OLTC
control algorithm was proposed for the analysis. An approach to increase the variances
of the outdated measurements, and consequently decrease their weighting factor, was
adopted. The scenarios considered only residential customers and PV generation.
The analyses were divided in the analysis of the errors in the estimated voltage
magnitude and angles, and analysis of the control performance. The analysis of the er-
rors shows that the allocation of the monitors is an important aspect in order to obtain
good estimates. It could also be verified that the delays in the SM information impact on
the estimated quantities. The real-time measurements contribute to obtaining better esti-
mates with smaller errors, mainly during periods with high PV generation that introduces
intermittencies in the system aggregated demand.
The results from the analysis of the control actions in both measurement scenarios
showed the estimated voltages match better the actual voltages when using the 𝜇𝑃𝑀𝑈 ,
as a complementary conclusion from the analysis of the errors. In the scenario with smart
meters, the violations during PV generation are more frequent. However, using 𝜇𝑃𝑀𝑈 the
violations can be reduced once the uncertainties from the SM delays are not influencing
the control performance.
An alternative analysis of the behavior of the control performance using the SE
results was made by comparing the tap changes in the analysed cases with the ideal
behavior when true values of voltages are used for control purposes. For the ideal case, 3
tap changes are necessary in order to keep the voltages within limits. The results from the
scenarios analysed demonstrated that using the 𝜇𝑃𝑀𝑈𝑠 at locations where the voltage
drops are more severe contributes to approximating the number of tap changes closer to
the ideal case.
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Chapter 6
Conclusions and final considerations
Nowadays, power distribution systems are evolving slowly and gradually to smart
grids. This concept has been deeply discussed as it demands the integration of technologies
for providing efficient grid control. Distribution systems of the future must be able to
bring together several research fields to improve the power systems operation. This will
directly impact the distribution networks where the level of automation is currently low
or nonexistent. In this context, there has been an increasing interest in the application of
state estimators in distribution systems to assure the observability and allow the operation
and control of the MV and LV grids.
In Chapter 2, the main Weighted Least Squares State Estimators for distribution
systems were assessed. The Traditional State Estimator (TSE) is the classical well-known
formulation used in transmission systems. However, the performance cost of using the TSE
in distribution systems is considerably higher when compared to transmission systems.
The AMB-SE and BCB-SE are presented as alternatives to the TSE once these methods
are based on constant Jacobian matrices and therefore constant Gain matrices can be
obtained. The factorization of the Gain matrix can be performed just once and before the
iterative process, which fastens the estimation process. However, the treatment adopted
for voltage magnitude measurements directly impacts on the computational time as well as
in the convergence features of these state estimators. Additionally, the BCB-SE presents
higher sparsity in its Jacobian matrix when compared with the TSE and the AMB-SE,
which makes it prone to benefit from sparse matrix techniques. However, this sparsity is
affected when voltage measurements are included in the measurement model. The longer
the path from the voltage measurement location to the reference bus, the lower the sparsity
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of the coefficient matrices. Therefore, it is necessary to implement alternative formulations
to cater for the inclusion of voltage measurements.
The main contributions of this work are centered in the Chapters 3 and 4, where
the aspects referring to the angular reference in SEs for distribution systems and the devel-
opment of an improved and efficient SE are presented. The angular reference is proposed
in this work considering the characteristics of distributions systems that are unbalanced
and present asymmetrical parameters. It was verified that the proper setting of the angu-
lar reference contributes to reducing errors and increasing the estimated state consistency.
Additionally, the convergence of the AMB-SE and BCB-SE was directly affected due to
the traditional modeling adopted for equivalent voltage measurements. These issues were
solved for the IBCSE in chapter 4, using the equivalent measurement via phasor rotation.
The proposed IBCSE is an enhancement of the method proposed in a series of
work in the literature (BARAN; KELLEY, 1995; LIN et al., 2001; TENG, 2002; PAU et
al., 2013). The proposed IBCSE works with a constant Jacobian matrix, which ensures less
computational burden than the traditional SE methods. The IBCSE may be applied to
multi-phase distribution feeders of general topologies with ubalanced loads and asymmet-
ric parameters. The performance of the proposed solution was tested in three distribution
systems. In all tests, the results obtained with the proposed method were statistically
consistent and unbiased. Therefore, the state estimator developed in this work is efficient
and robust, thus suitable for applications in distribution systems. Moreover, an alterna-
tive method to treat zero-injection measurements and prevent the loss in sparsity of the
coefficient matrices was also presented using the substitution of variables concept and
blocked formulation. The proposed approach could reduce the factorization time of the
coefficient matrices with minor losses in sparsity, mainly for large systems with a high
number of zero injection measurements.
Finally, the Chapter 5 presented an application of the IBCSE for voltage control
purposes. For the analysis, a real UK MV system was adopted with measurement scenarios
considering delayed measurements from smart meters and real-time measurements at
the substation. Alternatively, the smart meters were also substituted by the 𝜇𝑃𝑀𝑈𝑠,
and the same analysis was performed. The analysis considered residential customers and
increasing PV penetration. The results demonstrated that when using the 𝜇𝑃𝑀𝑈 the
estimated voltage magnitude errors were lower, as well as the estimated voltage angles.
In the scenario with smart meters, the voltage violations during PV generation were
more frequent. According to the results, using 𝜇𝑃𝑀𝑈 and a voltage control strategy, the
violations could be reduced once the estimates are of better quality. Finally, the voltage
control strategy was applied considering the state provided by ICBSE and the perfect
state provided by a load flow. The results indicate that in presence of 𝜇𝑃𝑀𝑈 the voltage
control performed better than in the presence of smart meters only.
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6.1 Future work
This work opens several research lines for further investigation, which are pointed
out as follows:
∙ Improvements of the developed state estimator formulation, mainly concerning the
use of the SE at different voltage levels and accommodating different transformers
windings connections;
∙ Development of dedicated observability analysis to optimize the use of the actual
measurements;
∙ Concerning pseudo-measurements, it is required the proper modeling of the infor-
mation to be inputted in the state estimator, mainly considering scenarios with
distributed generation and distributed energy resources;
∙ The use of the proposed state estimator in Distribution Management Systems de-
mands an extensive study of more robust control schemes considering an increased
range of scenarios in which the state estimator could be applied. Moreover, the mea-
surement availability, communication and data processing must also be extensively
studied in this context;
∙ Finally, the proposed state estimator can be used to develop other applications
dedicated for Distribution Management System, as for instance, in fault location
methods.
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Appendix A
Elements of the Jacobian matrix of
Distribution Systems SEs
A.1 Measurement equations for the TSE
For the active and reactive power injection measurements (𝑝𝑘 and 𝑞𝑘) at phases
𝜓 = 𝑎, 𝑏, and 𝑐 we can write:
𝑝𝜓𝑘 = 𝑣
𝜓
𝑘
𝑛𝑏∑︁
𝑚=1
∑︁
𝜌=𝑎,𝑏,𝑐
𝑣𝜌𝑚(𝐺
𝜓𝜌
𝑘𝑚𝑐𝑜𝑠(𝜃
𝜓𝜌
𝑘𝑚) +𝐵
𝜓𝜌
𝑘𝑚𝑠𝑖𝑛(𝜃
𝜓𝜌
𝑘𝑚)) (A.1)
𝑞𝜓𝑘 = 𝑣
𝜓
𝑘
𝑛𝑏∑︁
𝑚=1
∑︁
𝜌=𝑎,𝑏,𝑐
𝑣𝜌𝑚(𝐺
𝜓𝜌
𝑘𝑚𝑠𝑖𝑛(𝜃
𝜓𝜌
𝑘𝑚)−𝐵𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑚)) (A.2)
For the active and reactive power flow measurements in a line connecting buses
𝑘 and 𝑚 (𝑝𝑘𝑚 and 𝑞𝑘𝑚) at phases 𝜓 = 𝑎, 𝑏, and 𝑐 we can write Equations A.3 and A.4.
Note that the shunt susceptances were neglected for distribution systems in this case.
𝑝𝜓𝑘𝑚 = 𝑣
𝜓
𝑘
∑︁
𝜌=𝑎,𝑏,𝑐
{𝑣𝜌𝑘(𝑔𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑘 ) + 𝑏𝜓𝜌𝑘𝑚𝑠𝑖𝑛(𝜃𝜓𝜌𝑘𝑘 )) + 𝑣𝜌𝑚(𝑔𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑚) + 𝑏𝜓𝜌𝑘𝑚𝑠𝑖𝑛(𝜃𝜓𝜌𝑘𝑚))}
(A.3)
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𝑞𝜓𝑘𝑚 = 𝑣
𝜓
𝑘
∑︁
𝜌=𝑎,𝑏,𝑐
{𝑣𝜌𝑘(𝑔𝜓𝜌𝑘𝑚𝑠𝑖𝑛(𝜃𝜓𝜌𝑘𝑘 )− 𝑏𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑘 ))− 𝑣𝜌𝑚(𝑔𝜓𝜌𝑘𝑚𝑠𝑖𝑛(𝜃𝜓𝜌𝑘𝑚)− 𝑏𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑚))}
(A.4)
For the voltage magnitude measurements(𝑣𝑘) we can write:
𝑣𝜓𝑘 = 𝑣
𝜓
𝑘 (A.5)
A.2 Elements of the Jacobian matrix for the TSE
The Jacobian equations are obtained from the derivatives of the measurement
equations in respect to the state variables. Considering the equation measurements for
𝑝𝑘, 𝑞𝑘, 𝑝𝑘𝑚 and 𝑞𝑘𝑚 last presented, the derivatives are given by Equations A.6 to A.18
𝜕𝑝𝜓𝑘
𝜕𝜃𝜌𝑚
=
⎧⎪⎨⎪⎩−𝐵
𝜓𝜓
𝑘𝑘 (𝑣
𝜓
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𝑣𝜓𝑘 𝑣
𝜌
𝑚(𝐺
𝜓𝜌
𝑘𝑚𝑠𝑖𝑛(𝜃
𝜓𝜌
𝑘𝑚)−𝐵𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑚)) otherwise
(A.6)
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𝑘
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𝜓𝜌
𝑘𝑚) +𝐵
𝜓𝜌
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𝑘𝑚)) otherwise
(A.7)
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(A.8)
𝜕𝑞𝜓𝑘
𝜕𝑣𝜌𝑚
=
⎧⎪⎨⎪⎩
−𝐵𝜓𝜓
𝑘𝑘
(𝑣𝜓
𝑘
)2+𝑞𝜓
𝑘
𝑣𝜓
𝑘
if 𝑘 = 𝑚 and 𝜓 = 𝜌
𝑣𝜓𝑘 (𝐺
𝜓𝜌
𝑘𝑚𝑠𝑖𝑛(𝜃
𝜓𝜌
𝑘𝑚)−𝐵𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑚)) otherwise
(A.9)
𝜕𝑝𝜓𝑘𝑚
𝜕𝜃𝜌𝑘
= 𝑣𝜓𝑘 𝑣
𝜌
𝑘(𝑔
𝜓𝜌
𝑘𝑚𝑠𝑖𝑛(𝜃
𝜓𝜌
𝑘𝑘 )− 𝑏𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑘 )) (A.10)
𝜕𝑝𝜓𝑘𝑚
𝜕𝜃𝜌𝑚
=
⎧⎪⎨⎪⎩−(𝑣
𝜓
𝑘 )2𝑏
𝜓𝜓
𝑘𝑚 − 𝑞𝜓𝑘𝑚 if 𝜓 = 𝜌
−𝑣𝜓𝑘 𝑣𝜌𝑚(𝑔𝜓𝜌𝑘𝑚𝑠𝑖𝑛(𝜃𝜓𝜌𝑘𝑚)− 𝑏𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑚)) otherwise
(A.11)
𝜕𝑝𝜓𝑘𝑚
𝜕𝑣𝜌𝑘
= 𝑣𝜓𝑘 (𝑔
𝜓𝜌
𝑘𝑚𝑐𝑜𝑠(𝜃
𝜓𝜌
𝑘𝑘 ) + 𝑏
𝜓𝜌
𝑘𝑚𝑠𝑖𝑛(𝜃
𝜓𝜌
𝑘𝑘 )) (A.12)
𝜕𝑝𝜓𝑘𝑚
𝜕𝑣𝜌𝑚
=
⎧⎪⎨⎪⎩
𝑣𝜓𝑘 𝑔
𝜓𝜓
𝑘𝑚 +
𝑝𝜓
𝑘𝑚
𝑣𝜌
𝑘
if 𝜓 = 𝜌
−𝑣𝜓𝑘 (𝑔𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑚) + 𝑏𝜓𝜌𝑘𝑚𝑠𝑖𝑛(𝜃𝜓𝜌𝑘𝑚)) otherwise
(A.13)
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𝜕𝑞𝜓𝑘𝑚
𝜕𝜃𝜌𝑘
= −𝑣𝜓𝑘 𝑣𝜌𝑘(𝑔𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑘 ) + 𝑏𝜓𝜌𝑘𝑚𝑠𝑖𝑛(𝜃𝜓𝜌𝑘𝑘 )) (A.14)
𝜕𝑞𝜓𝑘𝑚
𝜕𝜃𝜌𝑚
=
⎧⎪⎨⎪⎩−(𝑣
𝜓
𝑘 )2𝑔
𝜓𝜓
𝑘𝑚 + 𝑝
𝜓
𝑘𝑚 if 𝜓 = 𝜌
𝑣𝜓𝑘 𝑣
𝜌
𝑚(𝑔
𝜓𝜌
𝑘𝑚𝑐𝑜𝑠(𝜃
𝜓𝜌
𝑘𝑚) + 𝑏
𝜓𝜌
𝑘𝑚𝑠𝑖𝑛(𝜃
𝜓𝜌
𝑘𝑚)) otherwise
(A.15)
𝜕𝑞𝜓𝑘𝑚
𝜕𝑣𝜌𝑘
= 𝑣𝜓𝑘 (𝑔
𝜓𝜌
𝑘𝑚𝑠𝑖𝑛(𝜃
𝜓𝜌
𝑘𝑘 )− 𝑏𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑘 )) (A.16)
𝜕𝑞𝜓𝑘𝑚
𝜕𝑣𝜌𝑚
=
⎧⎪⎨⎪⎩
−𝑣𝜓𝑘 𝑏𝜓𝜓𝑘𝑚 + 𝑞
𝜓
𝑘𝑚
𝑣𝜌
𝑘
if 𝜓 = 𝜌
−𝑣𝜓𝑘 (𝑔𝜓𝜌𝑘𝑚𝑠𝑖𝑛(𝜃𝜓𝜌𝑘𝑚)− 𝑏𝜓𝜌𝑘𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑘𝑚)) otherwise
(A.17)
𝜕𝑣𝜓𝑘
𝜕𝑣𝜓𝑘
= 1 (A.18)
The other jacobian elements are made equal to zero.
A.3 Measurement equations for the AMB-SE
For the vectorial complex current injection in a bus 𝑘 we can write as the following:
𝑖𝑘
𝜓 =
∑︁
𝜌=𝑎,𝑏,𝑐
𝑛𝑏∑︁
𝑚=1
𝑌 𝜓𝜌𝑘𝑚𝑣𝑚
𝜌 (A.19)
Developing the previous equation and separating the real and imaginary compo-
nents as a function of the state variables 𝑣𝑟𝑒𝑎𝑙,𝜓𝑚 and 𝑣𝑖𝑚𝑎𝑔,𝜓𝑚 , we have:
𝑖𝑟𝑒𝑎𝑙,𝜓𝑘 =
𝑛𝑏∑︁
𝑚=1
∑︁
𝜌=𝑎,𝑏,𝑐
(︁
𝐺𝜓𝜌𝑘𝑚𝑣
𝑟𝑒,𝜌
𝑚 −𝐵𝜓𝜌𝑘𝑚𝑣𝑖𝑚,𝜌𝑚
)︁
(A.20)
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘 =
𝑛𝑏∑︁
𝑚=1
∑︁
𝜌=𝑎,𝑏,𝑐
(︁
𝐵𝜓𝜌𝑘𝑚𝑣
𝑟𝑒,𝜌
𝑚 +𝐺
𝜓𝜌
𝑘𝑚𝑣
𝑖𝑚,𝜌
𝑚
)︁
(A.21)
For the vectorial complex current flowing in a branch connecting the buses 𝑘 and
𝑚, we can write as the following:
⃗
𝑖𝜓𝑘𝑚 =
∑︁
𝜌=𝑎,𝑏,𝑐
𝑦𝜓𝜌𝑘𝑚(𝑣𝑘𝜌 − 𝑣𝑚𝜌) (A.22)
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Developing the previous equation and separating the real and imaginary compo-
nents as a function of the state variables 𝑣𝑟𝑒𝑎𝑙,𝜓𝑚 and 𝑣𝑖𝑚𝑎𝑔,𝜓𝑚 , we have:
𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚 =
∑︁
𝜌=𝑎,𝑏,𝑐
(︁
𝑔𝜓𝜌𝑘𝑚(𝑣
𝑟𝑒𝑎𝑙,𝜌
𝑘 − 𝑣𝑟𝑒𝑎𝑙,𝜌𝑚 )− 𝑏𝜓𝜌𝑘𝑚(𝑣𝑖𝑚𝑎𝑔,𝜌𝑘 − 𝑣𝑖𝑚𝑎𝑔,𝜌𝑚 )
)︁
(A.23)
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚 =
∑︁
𝜌=𝑎,𝑏,𝑐
(︁
𝑏𝜓𝜌𝑘𝑚(𝑣
𝑟𝑒𝑎𝑙,𝜌
𝑘 − 𝑣𝑟𝑒𝑎𝑙,𝜌𝑚 ) + 𝑔𝜓𝜌𝑘𝑚(𝑣𝑖𝑚𝑎𝑔,𝜌𝑘 − 𝑣𝑖𝑚𝑎𝑔,𝜌𝑚 )
)︁
(A.24)
For the real and imaginary part of a bus voltage we can simply write:
𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 = 𝑣
𝑟𝑒𝑎𝑙,𝜓
𝑘 , 𝑣
𝑖𝑚𝑎𝑔,𝜓
𝑘 = 𝑣
𝑖𝑚𝑎𝑔,𝜓
𝑘 (A.25)
For the voltage magnitude measurement at bus 𝑘, the equation can be written
as a function of the state variables 𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 and 𝑣
𝑖𝑚𝑎𝑔,𝜓
𝑘 as bellow:
𝑣𝜓𝑘 =
√︁
(𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 )2 + (𝑣
𝑖𝑚𝑎𝑔,𝜓
𝑘 )2 (A.26)
A.4 Elements of the Jacobian matrix for the AMB-SE
The Jacobian equations are obtained from the derivatives of the measurement
equations in respect to the state variables. Considering the equation measurements for
𝑖𝑟𝑒𝑎𝑙,𝜓𝑘 , 𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑘 , 𝑖
𝑟𝑒𝑎𝑙,𝜓
𝑘𝑚 , 𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑘𝑚 , 𝑣
𝑟𝑒𝑎𝑙,𝜓
𝑘 ,𝑣
𝑖𝑚𝑎𝑔,𝜓
𝑘 , and 𝑣
𝜓
𝑘 last presented, the derivatives are given
from Equation A.27 to Equation A.38
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝜌𝑚
= 𝐺𝜓𝜌𝑘𝑚 (A.27)
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝜌𝑚
= −𝐺𝜓𝜌𝑘𝑚 (A.28)
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝜌𝑚
= 𝐵𝜓𝜌𝑘𝑚 (A.29)
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓,𝑥𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝜌𝑚
= 𝐺𝜓𝜌𝑘𝑚 (A.30)
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝜕𝑣𝑟𝑒𝑎𝑙,𝜌𝑚
=
⎧⎪⎨⎪⎩𝑔
𝜓𝜌
𝑘𝑚 if 𝑘 = 𝑚
−𝑔𝜓𝜌𝑘𝑚 otherwise
(A.31)
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𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝜕𝑣𝑖𝑚𝑎𝑔,𝜌𝑚
=
⎧⎪⎨⎪⎩−𝑏
𝜓𝜌
𝑘𝑚 if 𝑘 = 𝑚
𝑏𝜓𝜌𝑘𝑚 otherwise
(A.32)
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
𝜕𝑣𝑟𝑒𝑎𝑙,𝜌𝑚
=
⎧⎪⎨⎪⎩𝑏
𝜓𝜌
𝑘𝑚 if 𝑘 = 𝑚
−𝑏𝜓𝜌𝑘𝑚 otherwise
(A.33)
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
𝜕𝑣𝑖𝑚𝑎𝑔,𝜌𝑚
=
⎧⎪⎨⎪⎩𝑔
𝜓𝜌
𝑘𝑚 if 𝑘 = 𝑚
−𝑔𝜓𝜌𝑘𝑚 otherwise
(A.34)
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
= 1 (A.35)
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
= 1 (A.36)
𝜕𝑣𝜓𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
= 𝑐𝑜𝑠(𝜃𝜓𝑘 ) (A.37)
𝜕𝑣𝜓𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
= 𝑠𝑖𝑛(𝜃𝜓𝑘 ) (A.38)
The other elements are made equal to zero.
A.5 Measurement equations for the BCB-SE
For current injection measurements, the vector of currrent injections is related
to the vector of current variables as indicated by Equation A.39, where Ω𝑘 is the set of
branches connection bus 𝑘 to another bus.
⃗
𝑖𝜓𝑘 =
∑︁
𝑙𝑚∈Ω𝑘
⃗
𝑖𝜓𝑙𝑚 (A.39)
Developing the previous equation and separating the real and imaginary parts,
the equations A.40 and A.41 are obtained for each phase 𝜓 = 𝑎, 𝑏 and 𝑐.
𝑖𝑟𝑒𝑎𝑙,𝜓𝑘 =
∑︁
𝑙𝑚∈Ω𝑘
𝑖𝑟𝑒𝑎𝑙,𝜓𝑙𝑚 (A.40)
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘 =
∑︁
𝑙𝑚∈Ω𝑘
𝑖𝑖𝑚𝑎𝑔,𝜓𝑙𝑚 (A.41)
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For current flow measurements, the vector of current branches is related to the
vector of current variables as indicated by Equation A.42.
⃗
𝑖𝜓𝑘𝑚 =
⃗
𝑖𝜓𝑘𝑚 = − ⃗𝑖𝜓𝑚𝑘 (A.42)
Separating the real and imaginary parts, Equations A.43 and A.44 are obtained
for each phase 𝜓 = 𝑎, 𝑏 and 𝑐
𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚 = 𝑖
𝑟𝑒𝑎𝑙,𝜓
𝑘𝑚 = −𝑖𝑟𝑒𝑎𝑙,𝜓𝑚𝑘 (A.43)
𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚 = 𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑘𝑚 = −𝑖𝑖𝑚𝑎𝑔,𝜓𝑚𝑘 (A.44)
For the complex voltage at bus 𝑘, the equation can be written as a function of
the state variables 𝑣𝑟𝑒𝑎𝑙,𝜓𝑟 , 𝑣𝑖𝑚𝑎𝑔,𝜓𝑟 , 𝑖
𝑟𝑒𝑎𝑙,𝜓
𝑙𝑗 and 𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑙𝑗 , as in Equation A.45, where Ω𝑟𝑘 is the
set containing the branches in the path from the 𝑟 bus to bus 𝑘 .
⃗
𝑣𝜓𝑘 =
⃗
𝑣𝜓𝑟 −
∑︁
𝑙𝑗∈Ω𝑟𝑘
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑅𝜓𝜌𝑙𝑗 + 𝑗𝑋
𝜓𝜌
𝑙𝑗 )(𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 + 𝑗𝑖
𝑖𝑚𝑎𝑔,𝜌
𝑙𝑗 ) (A.45)
Developing the previous equation and separating the real and imaginary part,
Equations A.46 and A.47 are obtained.
𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 = 𝑣𝑟𝑒𝑎𝑙,𝜓𝑟 −
∑︁
𝑙𝑗∈Ω𝑟𝑘
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑅𝜓𝜌𝑙𝑗 𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 −𝑋𝜓𝜌𝑙𝑗 𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗 ) (A.46)
𝑣𝑖𝑚𝑎𝑔,𝜓𝑘 = 𝑣𝑖𝑚𝑎𝑔,𝜓𝑟 −
∑︁
𝑙𝑗∈Ω𝑟𝑘
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑋𝜓𝜌𝑙𝑗 𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 +𝑅
𝜓𝜌
𝑙𝑗 𝑖
𝑖𝑚𝑎𝑔,𝜌
𝑙𝑗 ) (A.47)
For the voltage magnitude at bus 𝑘, the equation can be written as a function of
the state variables 𝑣𝑟𝑒𝑎𝑙,𝜓𝑟 , 𝑣𝑖𝑚𝑎𝑔,𝜓𝑟 , 𝑖
𝑟𝑒𝑎𝑙,𝜓
𝑙𝑗 and 𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑙𝑗 , as in Equation A.48.
𝑣𝜓𝑘 =
⎛⎝𝑣𝑟𝑒𝑎𝑙,𝜓𝑟 − ∑︁
𝑙𝑗∈Ω𝑟𝑘
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑅𝜓𝜌𝑙𝑗 𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 −𝑋𝜓𝜌𝑙𝑗 𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗 )
⎞⎠ 𝑐𝑜𝑠(𝜃𝜓𝑘 ) +⎛⎝𝑣𝑖𝑚𝑎𝑔,𝜓𝑟 − ∑︁
𝑙𝑗∈Ω𝑟𝑘
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑋𝜓𝜌𝑙𝑗 𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 +𝑅
𝜓𝜌
𝑙𝑗 𝑖
𝑖𝑚𝑎𝑔,𝜌
𝑙𝑗 )
⎞⎠ 𝑠𝑖𝑛(𝜃𝜓𝑘 )
(A.48)
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A.6 Elements of the Jacobian matrix for the BCB-SE
The Jacobian equations are obtained from the derivatives of the measurement
equations in respect to the state variables. Considering the equation measurements for
𝑖𝑟𝑒𝑎𝑙,𝜓𝑘 , 𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑘 , 𝑖
𝑟𝑒𝑎𝑙,𝜓
𝑘𝑚 , 𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑘𝑚 , 𝑣
𝑟𝑒𝑎𝑙,𝜓
𝑘 ,𝑣
𝑖𝑚𝑎𝑔,𝜓
𝑘 , and 𝑣
𝜓
𝑘 last presented, the derivatives are given
by Equations A.49 to A.62
𝜕𝑖𝑟𝑒𝑎𝑙,𝑘𝑚𝑘
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑙𝑗
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, if 𝑘 = 𝑙
−1, if 𝑘 = 𝑗
0, otherwise
(A.49)
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑙𝑗
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, if 𝑘 = 𝑙
−1, if 𝑘 = 𝑗
0, otherwise
(A.50)
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑙𝑗
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, if 𝑘 = 𝑙 and 𝑚 = 𝑗
−1, if 𝑘 = 𝑗 and 𝑚 = 𝑙
0, otherwise
(A.51)
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑙𝑗
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, if 𝑘 = 𝑙 and 𝑚 = 𝑗
−1, if 𝑘 = 𝑗 and 𝑚 = 𝑙
0, otherwise
(A.52)
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑖𝑟𝑒𝑎𝑙,𝜌𝑙𝑗
= −𝑅𝜓𝜌𝑙𝑗 (A.53)
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗
= 𝑋𝜓𝜌𝑙𝑗 (A.54)
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑖𝑟𝑒𝑎𝑙,𝜌𝑙𝑗
= −𝑋𝜓𝜌𝑙𝑗 (A.55)
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗
= −𝑅𝜓𝜌𝑙𝑗 (A.56)
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑟
= 1 (A.57)
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𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑟
= 1 (A.58)
𝜕𝑣𝜓𝑘
𝜕𝑖𝑟𝑒𝑎𝑙,𝜌𝑙𝑗
= −𝑅𝜓𝜌𝑙𝑗 𝑐𝑜𝑠(𝜃𝜓𝑘 )−𝑋𝜓𝜌𝑙𝑗 𝑠𝑖𝑛(𝜃𝜓𝑘 ) (A.59)
𝜕𝑣𝜓𝑘
𝜕𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗
= 𝑋𝜓𝜌𝑙𝑗 𝑐𝑜𝑠(𝜃
𝜓
𝑘 )−𝑅𝜓𝜌𝑙𝑗 𝑠𝑖𝑛(𝜃𝜓𝑘 ) (A.60)
𝜕𝑣𝜓𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑟
= 𝑐𝑜𝑠(𝜃𝜓𝑘 ) (A.61)
𝜕𝑣𝜓𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑟
= 𝑠𝑖𝑛(𝜃𝜓𝑘 ) (A.62)
The other elements are made equal to zero.
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Appendix B
Additional elements in the Jacobian
matrix due to the angular reference
setting
B.1 Additional elements in the Jacobian matrix for the TSE
For the TSE, the derivatives of the injection of active and reactive power at
the substation bus with respect to 𝜃𝑎𝑟 and 𝜃𝑏𝑟 must be obtained. Consider that 𝑌 𝜓𝜌𝑠𝑚 =
𝐺𝜓𝜌𝑠𝑚+ 𝑗𝐵𝜓𝜌𝑠𝑚 is the element of the 3 × 3 admittance matrix related to phases 𝜓 and 𝜌, and
connecting the substation bus 𝑠, to another bus 𝑚, in which the bus 𝑟 is included. The
equations of 𝑝𝜓𝑠 and 𝑞𝜓𝑠 at the substation bus for a phase 𝜓, where 𝜃𝜓𝜌𝑠𝑚 = 𝜃𝜓𝑠 −𝜃𝜌𝑚, are as in
Equations B.1 and B.2. In these equations, Ω𝑠 is the set of buses directly connected to the
bus 𝑠. When the derivatives with respect to 𝜃𝑎𝑟 and 𝜃𝑏𝑟 are calculated, the Jacobian terms
related to the bus 𝑟 are shown in the equations from B.3 to B.6, where 𝜃𝜓𝜌𝑠𝑟 = 𝜃𝜓𝑠 − 𝜃𝜌𝑟 .
𝑝𝜓𝑠 = 𝑣𝜓𝑠
∑︁
𝑚∈Ω𝑠
∑︁
𝜌=𝑎,𝑏,𝑐
𝑣𝜌𝑚(𝐺𝜓𝜌𝑠𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑠𝑚) +𝐵𝜓𝜌𝑠𝑚𝑠𝑖𝑛(𝜃𝜓𝜌𝑠𝑚)) (B.1)
𝑞𝜓𝑠 = 𝑣𝜓𝑠
∑︁
𝑚∈Ω𝑠
∑︁
𝜌=𝑎,𝑏,𝑐
𝑣𝜌𝑚(𝐺𝜓𝜌𝑠𝑚𝑠𝑖𝑛(𝜃𝜓𝜌𝑠𝑚)−𝐵𝜓𝜌𝑠𝑚𝑐𝑜𝑠(𝜃𝜓𝜌𝑠𝑚)) (B.2)
𝜕𝑝𝜓𝑠
𝜕𝜃𝑎𝑟
= 𝑣𝑎𝑟𝑣𝜓𝑠
∑︁
𝜌=𝑎,𝑏,𝑐
(𝐺𝜓𝜌𝑠𝑟 𝑠𝑖𝑛(𝜃𝜓𝜌𝑠𝑟 )−𝐵𝜓𝜌𝑠𝑟 𝑐𝑜𝑠(𝜃𝜓𝜌𝑠𝑟 )) (B.3)
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𝜕𝑝𝜓𝑠
𝜕𝑣𝑎𝑟
= 𝑣𝜓𝑠
∑︁
𝜌=𝑎,𝑏,𝑐
(𝐺𝜓𝜌𝑠𝑟 𝑐𝑜𝑠(𝜃𝜓𝜌𝑠𝑟 ) +𝐵𝜓𝜌𝑠𝑟 𝑠𝑖𝑛(𝜃𝜓𝜌𝑠𝑟 )) (B.4)
𝜕𝑞𝜓𝑠
𝜕𝜃𝑎𝑟
= 𝑣𝑎𝑟𝑣𝜓𝑠
∑︁
𝜌=𝑎,𝑏,𝑐
(𝐺𝜓𝜌𝑠𝑟 𝑐𝑜𝑠(𝜃𝜓𝜌𝑠𝑟 ) +𝐵𝜓𝜌𝑠𝑟 𝑠𝑖𝑛(𝜃𝜓𝜌𝑠𝑟 )) (B.5)
𝜕𝑞𝜓𝑠
𝜕𝑣𝑎𝑟
= 𝑣𝜓𝑠
∑︁
𝜌=𝑎,𝑏,𝑐
(𝐺𝜓𝜌𝑠𝑟 𝑠𝑖𝑛(𝜃𝜓𝜌𝑠𝑟 )−𝐵𝜓𝜌𝑠𝑟 𝑐𝑜𝑠(𝜃𝜓𝜌𝑠𝑟 )) (B.6)
B.2 Additional elements in the Jacobian matrix for the AMB-SE
For the AMB-SE as well as for the BCB-SE, the power injections 𝑝𝜓𝑘 and 𝑞
𝜓
𝑘 are
converted into currents 𝑖𝑟𝑒𝑎𝑙,𝜓𝑘 and 𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑘 . For the AMB-SE, the terms that are represented
as a function of 𝑣𝑟𝑒𝑎𝑙,𝑎𝑟 and 𝑣𝑖𝑚𝑎𝑔,𝑎𝑟 are the current injections at the substation bus 𝑠. The
equation for the current injections at the substation bus are shown in Equations B.7 and
B.8.
𝑖𝑟𝑒𝑎𝑙,𝜓𝑠 =
∑︁
𝑚∈Ω𝑠
∑︁
𝜌=𝑎,𝑏,𝑐
(︁
𝐺𝜓𝜌𝑠𝑚𝑣
𝑟𝑒𝑎𝑙,𝜌
𝑚 −𝐵𝜓𝜌𝑠𝑚𝑣𝑖𝑚𝑎𝑔,𝜌𝑚
)︁
(B.7)
𝑖𝑖𝑚𝑎𝑔,𝜓𝑠 =
∑︁
𝑚∈Ω𝑠
∑︁
𝜌=𝑎,𝑏,𝑐
(︁
𝐵𝜓𝜌𝑠𝑚𝑣
𝑟𝑒𝑎𝑙,𝜌
𝑚 +𝐺𝜓𝜌𝑠𝑚𝑣𝑖𝑚𝑎𝑔,𝜌𝑚
)︁
(B.8)
The derivatives of the real and imaginary parts of the equivalent currents with
respect to the sate variables of the reference bus 𝑣𝑟𝑒𝑎𝑙,𝑎𝑟 and 𝑣𝑖𝑚𝑎𝑔,𝑎𝑟 are shown from Equation
B.9 to Equation B.12, where 𝜃𝜓𝜌𝑟 = 𝜃𝜓𝑟 −𝜃𝜌𝑟 . These angles appear in the equation due to the
relations in 3.15 As the voltages on the reference bus are perfectly balanced, the angular
differences 𝜃𝜓𝜌𝑟 are constant and, therefore, the derivatives are constant.
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑠
𝜕𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
=
∑︁
𝜌=𝑎,𝑏,𝑐
(︁
𝐺𝜓𝜌𝑠𝑟 𝑐𝑜𝑠(𝜃𝜌𝑎𝑟 )−𝐵𝜓𝜌𝑠𝑟 𝑠𝑖𝑛(𝜃𝜌𝑎𝑟 )
)︁
(B.9)
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑠
𝜕𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
= − ∑︁
𝜌=𝑎,𝑏,𝑐
(︁
𝐵𝜓𝜌𝑠𝑟 𝑐𝑜𝑠(𝜃𝜌𝑎𝑟 ) +𝐺𝜓𝜌𝑠𝑟 𝑠𝑖𝑛(𝜃𝜌𝑎𝑟 )
)︁
(B.10)
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑠
𝜕𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
=
∑︁
𝜌=𝑎,𝑏,𝑐
(︁
𝐵𝜓𝜌𝑠𝑟 𝑐𝑜𝑠(𝜃𝜌𝑎𝑟 ) +𝐺𝜓𝜌𝑠𝑟 𝑠𝑖𝑛(𝜃𝜌𝑎𝑟 )
)︁
(B.11)
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑠
𝜕𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
=
∑︁
𝜌=𝑎,𝑏,𝑐
(︁
𝐺𝜓𝜌𝑠𝑟 𝑐𝑜𝑠(𝜃𝜌𝑎𝑟 ) +𝐵𝜓𝜌𝑠𝑟 𝑠𝑖𝑛(𝜃𝜌𝑎𝑟 )
)︁
(B.12)
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B.3 Additional elements in the Jacobian matrix for the BCB-SE
For the BCB-SE, the terms that are represented as a function of the elements of
reference bus voltage variables 𝑣𝑟𝑒𝑎𝑙,𝑎𝑟 and 𝑣𝑖𝑚𝑎𝑔,𝑎𝑟 are the voltages at any bus 𝑘. Moreover,
𝑖𝑟𝑒𝑎𝑙,𝜓𝑠 ans 𝑖𝑖𝑚𝑠𝑔,𝜓𝑠 are related to 𝑖𝑟𝑒𝑎𝑙,𝜓𝑠𝑟 and 𝑖𝑖𝑚𝑎𝑔,𝜓𝑠𝑟 , respectively. The equation for the equiv-
alent complex voltage measurement in phase 𝜓 at a particular bus 𝑘 can be written as in
Equation B.13, where 𝑍𝜓𝜌𝑙𝑗 = 𝑅
𝜓𝜌
𝑙𝑗 +𝑗𝑋
𝜓𝜌
𝑙𝑗 is the element of the three-phase line impedance
matrix corresponding to the phases 𝜓 and 𝜌, the branch connecting buses 𝑙 and 𝑗, and
Ω𝑟𝑘 is a set containing the branches in a particular path from the reference 𝑟 to bus 𝑘.
Developing the equation and separating the real and imaginary parts, Equations B.14 and
B.15 are obtained.
⃗
𝑣𝜓𝑘 =
⃗
𝑣𝜓𝑟 −
∑︁
𝑙𝑗∈Ω𝑟𝑘
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑅𝜓𝜌𝑙𝑗 + 𝑗𝑋
𝜓𝜌
𝑙𝑗 )(𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 + 𝑗𝑖
𝑖𝑚𝑎𝑔,𝜌
𝑙𝑗 ) (B.13)
𝑣𝑟𝑒𝑎𝑙,𝜓𝑘 = 𝑣𝑟𝑒𝑎𝑙,𝜓𝑟 −
∑︁
𝑙𝑗∈Ω𝑟𝑘
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑅𝜓𝜌𝑙𝑗 𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 −𝑋𝜓𝜌𝑙𝑗 𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗 ) (B.14)
𝑣𝑖𝑚𝑎𝑔,𝜓𝑘 = 𝑣𝑖𝑚𝑎𝑔,𝜓𝑟 −
∑︁
𝑙𝑗∈Ω𝑟𝑘
∑︁
𝜌=𝑎,𝑏,𝑐
(𝑋𝜓𝜌𝑙𝑚 𝑖
𝑟𝑒𝑎𝑙,𝜌
𝑙𝑗 +𝑅
𝜓𝜌
𝑙𝑗 𝑖
𝑖𝑚𝑎𝑔,𝜌
𝑙𝑗 ) (B.15)
The Jacobian elements are the derivatives of Equations B.14 and B.15 in respect
to the elements of the bus 𝑟 (𝑣𝑟𝑒𝑎𝑙,𝑎𝑟 , 𝑣𝑖𝑚𝑎𝑔,𝑎𝑟 , 𝑖𝑟𝑒𝑎𝑙,𝜌𝑟𝑠 and 𝑖𝑖𝑚𝑎𝑔,𝜌𝑟𝑠 ). These derivatives in respect
to 𝑣𝑟𝑒𝑎𝑙,𝑎𝑟 and 𝑣𝑖𝑚𝑎𝑔,𝑎𝑟 are represented in Equations B.16 and B.17. The derivative terms
with respect to 𝑖𝑟𝑒𝑎𝑙,𝜌𝑟𝑠 and 𝑖𝑖𝑚𝑎𝑔,𝜌𝑟𝑠 are presented in Equations B.18, B.19 and B.20.
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
= 𝑐𝑜𝑠(𝜃𝜓𝑎𝑟 )
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
= 𝑠𝑖𝑛(𝜃𝜓𝑎𝑟 ) (B.16)
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
= −𝑠𝑖𝑛(𝜃𝜓𝑎𝑟 )
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
= 𝑐𝑜𝑠(𝜃𝜓𝑎𝑟 ) (B.17)
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑠
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑟𝑠
= −1 𝜕𝑖
𝑖𝑚𝑎𝑔,𝜓
𝑠
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑟𝑠
= −1 (B.18)
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑖𝑟𝑒𝑎𝑙,𝜌𝑟𝑠
= 𝑅𝜓𝜌𝑟𝑠
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑖𝑖𝑚𝑎𝑔,𝜌𝑟𝑠
= −𝑋𝜓𝜌𝑟𝑠 (B.19)
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𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑖𝑟𝑒𝑎𝑙,𝜌𝑟𝑠
= 𝑋𝜓𝜌𝑟𝑠
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑖𝑖𝑚𝑎𝑔,𝜌𝑟𝑠
= 𝑅𝜓𝜌𝑟𝑠 (B.20)
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Appendix C
Elements of the Jacobian Matrix for
the IBCSE
For the current injection at bus 𝑘 and phase 𝜓, the derivatives of are presented
in Equations C.1 and C.2.
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑖𝑟𝑒𝑎𝑙,𝜌𝑙𝑗
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, for 𝑘 = 𝑙 and 𝜓 = 𝜌
−𝑡−1𝑙𝑗 , for 𝑘 = 𝑗 and 𝜓 = 𝜌
0, otherwise
(C.1)
𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, for 𝑘 = 𝑙 and 𝜓 = 𝜌
−𝑡−1𝑙𝑗 , for 𝑘 = 𝑗 and 𝜓 = 𝜌
0, otherwise
(C.2)
For the current flowing from bus 𝑘 to bus 𝑚,and phase 𝜓, the derivatives are
presented in Equations C.3 and C.4.
𝜕𝑖𝑟𝑒𝑎𝑙,𝜓𝑘𝑚
𝜕𝑖𝑟𝑒𝑎𝑙,𝜌𝑙𝑗
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, for 𝑘 = 𝑙,𝑚 = 𝑗 and 𝜓 = 𝜌
−𝑡−1𝑙𝑗 , for 𝑘 = 𝑗,𝑚 = 𝑙 and 𝜓 = 𝜌
0, otherwise
(C.3)
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𝜕𝑖𝑖𝑚𝑎𝑔,𝜓𝑘𝑚
𝜕𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, for 𝑘 = 𝑙,𝑚 = 𝑗 and 𝜓 = 𝜌
−𝑡−1𝑙𝑗 , for 𝑘 = 𝑗,𝑚 = 𝑙 and 𝜓 = 𝜌
0, otherwise
(C.4)
For the voltage at bus 𝑘,and phase 𝜓, considering the real and imaginary part,
the derivatives are presented in Equations C.5, C.6, C.7, and C.8.
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
= 𝑐𝑜𝑠(𝜃𝜓𝑟 )
∏︁
ℓ∈Ω𝑟𝑘
𝑡ℓ
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
= −𝑠𝑖𝑛(𝜃𝜓𝑟 )
∏︁
ℓ∈Ω𝑟𝑘
𝑡ℓ (C.5)
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑖𝑟𝑒𝑎𝑙,𝜌𝑙𝑗
= −𝑡−1𝑙𝑗 𝑅𝜓𝜌𝑙𝑗
∏︁
ℓ∈Ω𝑗𝑘
𝑡ℓ
𝜕𝑣𝑟𝑒𝑎𝑙,𝜓𝑘
𝜕𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗
= 𝑡−1𝑙𝑗 𝑋
𝜓𝜌
𝑙𝑗
∏︁
ℓ∈Ω𝑗𝑘
𝑡ℓ (C.6)
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
= 𝑐𝑜𝑠(𝜃𝜓𝑟 )
∏︁
ℓ∈Ω𝑟𝑘
𝑡ℓ
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
= 𝑠𝑖𝑛(𝜃𝜓𝑟 )
∏︁
ℓ∈Ω𝑟𝑘
𝑡ℓ (C.7)
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑖𝑟𝑒𝑎𝑙,𝜌𝑙𝑗
= −𝑡−1𝑙𝑗 𝑋𝜓𝜌𝑙𝑗
∏︁
ℓ∈Ω𝑗𝑘
𝑡ℓ
𝜕𝑣𝑖𝑚𝑎𝑔,𝜓𝑘
𝜕𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗
= −𝑡−1𝑙𝑗 𝑅𝜓𝜌𝑙𝑗
∏︁
ℓ∈Ω𝑗𝑘
𝑡ℓ (C.8)
The derivatives that correspond to the equivalent voltages with phasor rotation
are indicated in equations from C.9 to C.12. These elements are given by the resistances
and reactances of the branches, the sines and cosines of the rotation angle, and the sines
and cosines of the reference bus angle 𝜃𝜓𝑎𝑟 .
𝜕𝑣𝜓𝑘
𝑟𝑜𝑡
𝜕𝑣𝑟𝑒𝑎𝑙,𝑎𝑟
=
∏︁
ℓ∈Ω𝑟𝑘
𝑡ℓ(𝑐𝑜𝑠(𝜃𝜓𝑎𝑟 )𝑐𝑜𝑠(𝜑
𝜓
𝑘
𝑟𝑜𝑡) + 𝑠𝑖𝑛(𝜃𝜓𝑎𝑟 )𝑠𝑖𝑛(𝜑
𝜓
𝑘
𝑟𝑜𝑡)) (C.9)
𝜕𝑣𝜓𝑘
𝑟𝑜𝑡
𝜕𝑖𝑟𝑒𝑎𝑙,𝜌𝑙𝑗
= −𝑡−1𝑙𝑗
∏︁
ℓ∈Ω𝑗𝑘
𝑡ℓ(𝑅
𝜓𝜌
𝑙𝑗 𝑐𝑜𝑠(𝜑
𝜓
𝑘
𝑟𝑜𝑡) +𝑋𝜓𝜌𝑙𝑗 𝑠𝑖𝑛(𝜑
𝜓
𝑘
𝑟𝑜𝑡)) (C.10)
𝜕𝑣𝜓𝑘
𝑟𝑜𝑡
𝜕𝑣𝑖𝑚𝑎𝑔,𝑎𝑟
=
∏︁
ℓ∈Ω𝑟𝑘
𝑡ℓ(𝑐𝑜𝑠(𝜃𝜓𝑎𝑟 )𝑠𝑖𝑛(𝜑
𝜓
𝑘
𝑟𝑜𝑡)− 𝑠𝑖𝑛(𝜃𝜓𝑎𝑟 )𝑐𝑜𝑠(𝜑𝜓𝑘
𝑟𝑜𝑡)) (C.11)
𝜕𝑣𝜓𝑘
𝑟𝑜𝑡
𝜕𝑖𝑖𝑚𝑎𝑔,𝜌𝑙𝑗
= 𝑡−1𝑙𝑗
∏︁
ℓ∈Ω𝑗𝑘
𝑡ℓ(𝑋
𝜓𝜌
𝑙𝑗 𝑐𝑜𝑠(𝜑
𝜓
𝑘
𝑟𝑜𝑡)−𝑅𝜓𝜌𝑙𝑗 𝑠𝑖𝑛(𝜑𝜓𝑘
𝑟𝑜𝑡)) (C.12)
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